Year Planning Guide

Grade 12 Advanced Functions, (MHF 4U)

DRAFT

Introduction


Beginning in September 2007, teachers are required to implement mathematics programs in accordance with the curriculum document for their grade level.  In the Grade 12 University Preparation course, Advanced Functions (MHF 4U), there are four strands:

· Exponential and Logarithmic Functions

· Trigonometric Functions

· Polynomial and Rational Functions
· Characteristics of Functions
The sub-groupings within each strand reflect particular aspects of knowledge and skills that are addressed within it.

As a result of the revisions made as part of the Curriculum Review process, the curriculum for all Grades 1 through 12 has changed in three ways.  Some expectations have been:

· reworded or revised for clarity

· removed

· added

Expectations that have been reworded for clarity generally call for teachers to continue using instructional strategies and resources chosen for implementation of the 2000 curriculum.  Rewording and inclusion of examples and sample problems allow teachers to verify that their programs reflect the intended scope and emphasis in connection with the content in these expectations.  To ensure that their understanding is unchanged by the rewording, teachers should read these expectations found in the second column of the clarification chart in this guide.
Expectations that have been revised for clarity generally identify the depth and breadth of treatment intended for the grade level.  Teachers are expected to choose instructional activities and to assess and evaluate students within these parameters.  Some resources that are currently used for the Grade 12 University Preparation course include inappropriate content for the revised program, and must be carefully reviewed before using.  Further clarification of the intent of an expectation has been achieved through inclusion of examples and/or a sample problem.  These illustrate the kind of skill level, depth of learning, and complexity that the expectation entails.
When an expectation has been removed from the Grade 12 University Preparation course, it may have:

· moved to an earlier grade level, for example, 

· been deleted from the curriculum altogether,

· been incorporated into the mathematical process expectations.

When an expectation has been added to the Grade 12 University Preparation course, it may be that:
· content has been moved from an earlier grade level, for example,

· new content has been added to the overall Grade 1 – 12 program, with some of that content placed in the Grade 12 University Preparation.  For example, throughout the grades, increased emphasis is placed on the concepts of multiple representations and inverse operations.

In the chart provided in this guide, these categories are used to identify changes to the mathematics curriculum:

· Remove Immediately

· Add Immediately

Curriculum Revisions that may Require Adjustments to Program

NOTE Additional teacher notes are in orange.  Italics indicate revision.

Strand:  Advanced Functions (split into Polynomial and Rational Functions, and Exponential and Logarithmic Functions)
	Sub-groupings
	Reworded
	Revised

	Overall Expectations
	
	Under Polynomial and Rational Functions Strand:

· A1 identify and describe some key features of polynomial functions, and make connections between the numeric, graphical, and algebraic representations of polynomial functions;

· A1A identify and describe some key features of the graphs of rational functions, and represent rational functions graphically;
· A2 solve problems involving polynomial and simple rational equations graphically and algebraically;

· A3 demonstrate an understanding of solving polynomial and simple rational inequalities.

Under Exponential and Logarithmic Functions Strand:

· B1 demonstrate an understanding of the relationship between exponential expressions and logarithmic expressions, evaluate logarithms, and apply the laws of logarithms to simplify numeric expressions;

· B3 solve problems involving exponential and logarithmic equations algebraically, including problems arising from real-world applications.
Under Characteristics of Functions Strand:

· D2 determine functions that result from the addition, subtraction, multiplication, and division of two functions and from the composition of two functions, describe some properties of the resulting functions, and solve related problems;


	Investigating the Graphs of Polynomial Functions (renamed Connecting Graphs and Equations of Polynomial Functions under Polynomial and Rational Functions Strand)
	· A1.3 describe key features of the graphs of polynomial functions;

	· A1.8 determine an equation of a polynomial function that satisfies a given set of conditions, using methods appropriate to the situation, and recognize that there may be more than one polynomial function that can satisfy a given set of conditions
· A1.6 make connections, through investigation using graphing technology, between a polynomial function given in factored form and the x-intercepts of its graph, and sketch the graph of a polynomial function given in factored form using its key features;

	Manipulating Algebraic Expressions (split into Solving Polynomial and Rational Equations, and Solving Inequalities under the Polynomial and Rational Functions Strand)
	Under Solving Polynomial and Rational Equations:

· A2.1 factor polynomial expressions in one variable, of degree no higher than four, by selecting and applying strategies;
· A2.2 solve polynomial equations in one variable, of degree no higher than four, by selecting and applying strategies, and verify solutions using technology;

· A2.6 solve problems involving applications of polynomial and simple rational functions and equations.


	Under Solving Polynomial and Rational Equations:

· A2.1A make connections, through investigation using technology, between the polynomial function 
[image: image1.wmf]()

fx

, the divisor x ( a, the remainder from the division 
[image: image2.wmf]()

fx

xa

-

, and 
[image: image3.wmf]()

fa

 to verify the remainder theorem and the factor theorem;
· A2.2 solve polynomial equations in one variable, of degree no higher than four, by selecting and applying strategies, and verify solutions using technology;

Under Solving Inequalities:

· A3.3 determine solutions to polynomial inequalities in one variable and to simple rational inequalities in one variable by graphing the corresponding functions, using graphing technology, and identifying intervals for which x satisfies the inequalities;
· A3.2 solve linear inequalities and factorable polynomial inequalities in one variable in a variety of ways, and represent the solutions on a number line or algebraically.



	Understanding the Nature of Exponential Growth and Decay (renamed Connecting Graphs and Equations of Logarithmic Functions under the Exponential and Logarithmic Functions strand)
	
	· B2.1 determine, through investigation with technology and without technology, key features of the graphs of logarithmic functions of the form 
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, and make connections between the algebraic and graphical representations of these logarithmic functions;

· B2.5 pose and solve problems based on real-world applications of exponential and logarithmic functions by using a given graph or a graph generated with technology from its equation.

	Defining and Applying Logarithmic Functions (split into Evaluating Logarithmic Expressions and Solving Exponential and Logarithmic Equations under the Exponential and Logarithmic Functions strand)
	Evaluating Logarithmic Expressions 
· B1.1 recognize the logarithm of a number with a given base as the exponent to which the base must be raised to get the number, recognize the operation of finding the logarithm to be the inverse operation of exponentiation, and evaluate simple logarithmic expressions;
· B1.2 make connections between related logarithmic and exponential equations, and solve simple exponential equations by rewriting them in logarithmic form;
Under Solving Exponential and Logarithmic Equations:
· B3.3 solve exponential equations in one variable by finding a common base and by using logarithms;
· B3.2 solve simple logarithmic equations in one variable algebraically;

B3.4 solve problems involving exponential and logarithmic equations algebraically, including problems arising from real-world applications.
	Evaluating Logarithmic Expressions 
· B1.4 make connections between the laws of exponents and the laws of logarithms, verify the laws of logarithms with or without technology, and use the laws of logarithms to simplify and evaluate numerical expressions. 
Under Solving Exponential and Logarithmic Equations:
· B3.1 recognize equivalent algebraic expressions involving logarithms and exponents, and simplify expressions of these;

	Understanding the Composition of Functions

(renamed Combining Functions under Characteristics of Functions)
	
	· D2.3 determine the composition of two functions numerically and graphically, with technology, for functions represented in a variety of ways, and interpret the composition of two functions in real-world applications;
· D2.4 determine algebraically the composition of two functions, verify that 
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· D2.6 demonstrate, by giving examples for functions represented in a variety of ways, the property that the composition of a function and its inverse function maps a number onto itself; 


Strand:  Underlying Concepts of Calculus (renamed Characteristics of Functions)
	Sub-groupings
	Reworded
	Revised

	Overall Expectations
	
	· D1 demonstrate an understanding of average and instantaneous rate of change, and determine, numerically and graphically, and interpret the average rate of change of a function over a given interval and the instantaneous rate of change of a function at a given point;


· D1.5 determine, through investigation using various representations of relationships, approximate instantaneous rates of change arising from real-world applications by using average rates of change and reducing the interval over which the average rate of change is determined 
	· D1.8 solve problems involving average and instantaneous rates of change, including problems arising from real-world applications, by using numerical and graphical methods.

	Understanding the Graphical Definition of the Derivative (included in Understanding Rates of Change)
	· D1.6 make connections, through investigation, between the slope of a secant on the graph of a function and the average rate of change of the function over an interval, and between the slope of the tangent to a point on the graph of a function and the instantaneous rate of change of the function at that point; 
· D1.7 determine, through investigation using a variety of tools and strategies, the approximate slope of the tangent to a given point on the graph of a function by using the slopes of secants through the given point;
	· 

	Connecting Derivatives and Graphs
	
	


Strand:  Derivatives and Applications
	Sub-groupings
	Reworded
	Revised

	Overall Expectations
	
	· 

	Understanding the First-Principles Definition of the Derivative
	· 
	

	Determining Derivatives
	
	

	Determining the Derivatives of Exponential and Logarithmic Functions
	
	

	Using Differential Calculus to Solve Problems
	
	

	Sketching the Graphs of Polynomial, Rational, and Exponential Functions
	
	

	Using Calculus Techniques to Analyse Models of Functions
	
	




Curriculum Revisions that Require Change to Program

NOTE Additional teacher notes are in orange.  Italics indicate revision.

Strand:  Advanced Functions (split into Polynomial and Rational Functions, Exponential and Logarithmic Functions, and Characteristics of Functions)
	Sub-groupings
	Remove Immediately
	Add Immediately

	Overall Expectations
	
	Under Exponential and Logarithmic Functions

· B2 identify and describe some key features of the graphs of logarithmic functions, make connections between the numeric, graphical, and algebraic representations of logarithmic functions, and solve related problems graphically;

	Investigating the Graphs of Polynomial Functions (renamed Connecting Graphs and Equations of Polynomial Functions under Polynomial and Rational Functions Strand)
	· – describe the nature of change in polynomial functions of degree greater than two, using finite differences in tables of values; 

· – compare the nature of change observed in polynomial functions of higher degree with that observed in linear and quadratic functions;


	· A1.1 recognize a polynomial expression; verify, through investigation with technology, that a polynomial relation is a function, and recognize linear and quadratic functions as polynomial functions;

· A1.2 compare, through investigation using graphing technology, the numeric, graphical, and algebraic representations of polynomial functions;
· A1.4 distinguish polynomial functions from sinusoidal and exponential functions, and compare and contrast the graphs of various polynomial functions with each other and with the graphs of other types of functions;

· A1.7 determine, through investigation using technology, and describe the roles of the parameters a, k, d, and c in functions of the form 
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· A2.4 determine the equation of the family of polynomial functions with a given set of zeros and of the member of the family that passes through another given point;
· A1.9 determine, through investigation, and compare the properties of even and odd polynomial functions, and determine whether a given polynomial function is even, odd, or neither

	Connecting Graphs and Equations of Rational Functions (new substrand)
	
	· A1.10 determine, through investigation with and without technology, key features of the graphs of rational functions that are the reciprocals of linear and quadratic functions, and make connections between the algebraic and graphical representations of these rational functions;
· A1.11 determine, through investigation with and without technology, key features of the graphs of rational functions that have linear expressions in the numerator and denominator, and make connections between the algebraic and graphical representations of these rational functions;

· A1.12 sketch the graph of a simple rational function using the key features, given the algebraic representation of the function.

	Manipulating Algebraic Expressions (renamed Solving Polynomial and Rational Expressions under the Polynomial and Rational Expressions strand)
	· determine, by factoring, the real or complex roots of polynomial equations of degree greater than two;

· determine the real roots of non-factorable polynomial equations by interpreting the graphs of the corresponding functions, using graphing calculators or graphing software;

· – write the equation of a family of polynomial functions, given the real or complex zeros

· – describe intervals and distances, using absolute-value notation;


	Under Solving Polynomial and Rational Equations:

· A2.3 determine, through investigation using technology, and describe the connection between the real roots of a polynomial equation and the x-intercepts of the graph of the corresponding polynomial function; 
· A2.5A determine, through investigation using technology, and describe the connection between the real roots of a rational equation and the x-intercepts of the graph of the corresponding rational function;

· A2.5 solve simple rational equations in one variable algebraically, and verify solutions using technology;
Under Solving Inequalities

· A3.1 describe, for polynomial and simple rational functions, and explain the difference between the solution to an equation in one variable and the solution to an inequality in one variable, and demonstrate that given solutions satisfy an inequality;

	Understanding the Nature of Exponential Growth and Decay (renamed Connecting Graphs and Equations of Logarithmic Functions under Exponential and Logarithmic Functions)
	· describe the graphical implications of changes in the parameters a, b, and c in the equation y = cax + b;

– compare the rates of change of the graphs of exponential and non-exponential functions (e.g., those with equations y = 2x, y = x2, y = x and y = 2x);

– describe the significance of exponential growth or decay within the context of applications represented by various mathematical models (e.g., tables of values, graphs);


	Under Exponential and Logarithmic Functions Strand:

· B2.2 recognize the relationship between an exponential function and the corresponding logarithmic function to be that of a function and its inverse, deduce that the graph of a logarithmic function is the reflection of the graph of the corresponding exponential function in the line y = x, and verify the deduction using technology;

· B2.3 determine, through investigation using technology, and describe the roles of the parameters d and c in functions of the form 
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	Defining and Applying Logarithmic Functions (renamed Evaluating Logarithmic Expressions under Exponential and Logarithmic Functions)
	
	B1.3 determine, with technology, the approximate logarithm of a number with any base, including base 10

	Understanding the Composition of Functions (renamed Combining Functions under Characteristics of Functions)
	– identify composition as an operation in which two functions are applied in succession;

– demonstrate an understanding that the composition of two functions exists only when the range of the first function overlaps the domain of the second;
– decompose a given composite function into its constituent parts;
	· D2.2 determine, through investigation using graphing technology, key features of the graphs of functions created by adding, subtracting, multiplying, or dividing functions, and describe factors that affect these properties;

· D2.2B recognize real-world applications of combinations of functions, and solve related problems graphically;

· D2.2A determine, through investigation, and explain some properties of functions formed by adding, subtracting, multiplying, and dividing general functions;

D2.5 solve problems involving the composition of two functions, including problems arising from real-world applications
D2.6A make connections, through investigation using technology, between transformations of simple functions, 
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Strand:  Underlying Concepts of Calculus (renamed Characteristics of Functions)

	Sub-groupings
	Remove Immediately
	Add Immediately

	Overall Expectations
	• demonstrate an understanding of the graphical definition of the derivative of a function;

• demonstrate an understanding of the relationship between the derivative of a function and the key features of its graph.
	

	Understanding Rates of Change
	– make inferences from models of applications and compare the inferences with the original hypotheses regarding rates of change.
	· D1.1 recognize that the rate of change for a function is a comparison of changes in the dependent variable to changes in the independent variable, and distinguish situations in which the rate of change is zero, constant, or changing by examining applications, including those arising from real-world situations;
· D1.1A sketch a graph that represents a relationship involving rate of change, as described in words, and verify with technology when possible;

	Understanding the Graphical Definition of the Derivative
	– demonstrate an understanding that the derivative of a function at a point is the instantaneous rate of change or the slope of the tangent to the graph of the function at that point.
	

	Connecting Derivatives and Graphs
	– describe the key features of a given graph of a function, including intervals of increase and decrease, critical points, points of inflection, and intervals of concavity; 

– identify the nature of the rate of change of a given function, and the rate of change of the rate of change, as they relate to the key features of the graph of that function;

– sketch, by hand, the graph of the derivative of a given graph.
	

	Using Function Models to Solve Problems (New sub-strand)
	
	· D2.1 compare, through investigation using a variety of tools and strategies the characteristics of various functions;

· D2.8 solve graphically and numerically equations and inequalities whose solutions are not accessible by standard algebraic techniques;

· D2.7 solve problems, using a variety of tools and strategies, including problems arising from real-world applications, by reasoning with functions and by applying concepts and procedures involving functions.


Strand:  Derivatives and Applications (entire strand deleted)

	Sub-groupings
	Remove Immediately
	Add Immediately

	Overall Expectations
	• demonstrate an understanding of the first-principles definition of the derivative;

• determine the derivatives of given functions, using manipulative procedures;

• determine the derivatives of exponential and logarithmic functions;

• solve a variety of problems, using the techniques of differential calculus;

• sketch the graphs of polynomial, rational, and exponential functions;

• analyse functions, using differential calculus. 
	· 

	Understanding the First-Principles Definition of the Derivative
	· – determine the limit of a polynomial, a rational, or an exponential function; 

· – demonstrate an understanding that limits can give information about some behaviours of graphs of functions 

· – identify examples of discontinuous functions and the types of discontinuities they illustrate;

· – determine the derivatives of polynomial and simple rational functions from first principles, using the definitions of the derivative function

· – identify examples of functions that are not differentiable 
	

	Determining Derivatives
	- justify the constant, power, sum-and difference, product, quotient, and chain rules for determining derivatives;

– determine the derivatives of polynomial and rational functions, using the constant, power, sum-and-difference, product, quotient, and chain rules for determining derivatives;

– determine second derivatives;

– determine derivatives, using implicit differentiation in simple cases (e.g., 4x2 + 9y2 = 36)..
	

	Determining the Derivatives of Exponential and Logarithmic Functions
	– identify e as [Page 42 function omitted] and approximate the limit, using informal methods;

– define ln x as the inverse function of e x;

– determine the derivatives of the exponential functions ax and e x and the logarithmic functions logax and ln x;

- determine the derivatives of combinations of the basic polynomial, rational, exponential, and logarithmic functions, using the rules for sums, differences, products,

quotients, and compositions of functions
	

	Using Differential Calculus to Solve Problems
	– determine the equation of the tangent to the graph of a polynomial, a rational, an exponential, or a logarithmic function, or of a conic; 

– solve problems of rates of change drawn from a variety of applications (including distance, velocity, and acceleration) involving polynomial, rational, exponential, or logarithmic functions;

– solve optimization problems involving polynomial and rational functions;

– solve related-rates problems involving polynomial and rational functions.
	

	Sketching the Graphs of Polynomial, Rational, and Exponential Functions
	– determine, from the equation of a rational function, the intercepts and the positions of the vertical and the horizontal or oblique asymptotes to the graph of the function; 

– determine, from the equation of a polynomial, a rational, or an exponential function, the key features of the graph of the function (i.e., intervals of increase and decrease, critical points, points of inflection, and intervals of concavity), using the techniques of differential calculus, and sketch the graph by hand;

– determine, from the equation of a simple combination of polynomial, rational, or exponential functions, the key features of the graph of the combination of functions, using the techniques of differential calculus, and sketch the graph by hand; 

– sketch the graphs of the first and second derivative functions, given the graph of the original function;

– sketch the graph of a function, given the graph of its derivative function. 

	

	Using Calculus Techniques to Analyse Models of Functions
	– determine the key features of a mathematical model of an application drawn from the natural or social sciences, using the techniques of differential calculus;

– compare the key features of a mathematical model with the features of the application it represents;

– predict future behaviour within an application by extrapolating from a mathematical model of a function;

– pose questions related to an application and answer them by analysing mathematical models, using the techniques of differential calculus;

– communicate findings clearly and concisely, using an effective integration of essay and mathematical forms.
	


Strand:  Trigonometric Functions (new strand)


	Sub-groupings
	Remove Immediately
	Add Immediately

	Overall Expectations
	
	· C1 demonstrate an understanding of the meaning and application of radian measure;

· C2 make connections between trigonometric ratios and the graphical and algebraic representations of the corresponding trigonometric functions and between trigonometric functions and their reciprocals, and use these connections to solve problems;

· C3 solve problems involving trigonometric equations and prove trigonometric identities.

	Understanding and Applying Radian Measure
	
	C1.1 recognize the radian as an alternative unit to the degree for angle measurement, define the radian measure of an angle as the length of the arc that subtends this angle at the centre of the unit circle, and develop and apply the relationship between radian and degree measure;

C1.2 represent radian measure in terms of ( and as a rational number;

C1.3 determine, with technology, the primary trigonometric ratios and the reciprocal trigonometric ratios of angles expressed in radian measure; 

C1.4 determine, without technology, the exact values of the primary trigonometric ratios and the reciprocal trigonometric ratios for the special angles 0, 
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	Connecting Graphs and Equations of Trigonometric Functions
	
	C2.1A sketch the graphs of 
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 for angle measures expressed in radians, and determine and describe some key properties in terms of radians;

C2.1B make connections between the tangent ratio and the tangent function by graphing the relationship between the angles in radians and the corresponding tangent ratios, with technology, and defining this relationship as the function 
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, and describe key properties of the tangent function;

C2.1 graph, with technology, the reciprocal trigonometric functions for angle measures expressed in radians, determine and describe key properties, and recognize notations used to represent the reciprocal functions;

C2.3 determine the amplitude, period, phase shift, domain, and range of sinusoidal functions whose equations are given in the form 
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, with angles expressed in radians;

C2.4 sketch graphs of  
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by applying transformations to the graphs of 
[image: image26.wmf]()sin

fxx

=

 and 
[image: image27.wmf]()cos

fxx

=

, with angles expressed in radians, and state the domain and range of the transformed functions;

C2.5 represent a sinusoidal function with an equation, given its graph or its properties, with angles expressed in radians;

C2.6 pose and solve problems based on applications involving a trigonometric function with domain expressed in radians by using a given graph or a graph generated with or without technology from its equation

	Solving Trigonometric Equations
	
	C3.1 recognize equivalent trigonometric expressions, and verify equivalence using graphing technology;

C3.2 explore the algebraic development of the compound angle formulae, and use the formulae to determine exact values of trigonometric ratios; 

 C3.3 prove trigonometric identities, through the application of reasoning skills, using a variety of relationships;

C3.4 solve linear and quadratic trigonometric equations, with and without graphing technology, for real values of the domain from 0 to 2π, and solve related problems.
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