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Modelling with more than One Function
This is a bank of questions from which teachers can choose to develop a summative assessment for Unit 6 appropriate for their students.  To support teachers in selecting an appropriate balance of questions, each question is prefaced by an indication of curriculum expectations, including Mathematical Process expectations addressed, and an indication of when facts and procedures are a focus. Since some questions are alternatives for each other, and some questions require a significant amount of time for students to answer, teachers are advised to select an appropriate balance and number of questions for students to complete. More questions requiring facts and procedures would be appropriate to include in a summative assessment, and can be created by the teacher.
Since it is always expected that instruction will be consistent with assessment, any of these questions/tasks could be used or adapted as instructional or performance tasks.  
Scientific calculators are acceptable throughout; graphing technology is allowed where indicated.  
Expectations: D2.2; Connecting to real life

1. Let S(t) represent the number of single adults in Canada in year t and M(t) represent the number of married adults in Canada in year t.  Let E(t) represent the average amount spent on entertainment by single adults and let N(t) represent the average amount spent on entertainment by married adults.


a) Create the function P(t) to represent the number of Canadian adults in Canada in year t.


b) Create the function G(t) to represent the amount of money spent on entertainment by Canadian single adults in year t.


c) Create a function to represent the amount of money spent on entertainment by Canadian adults in year t.

Expectations: D 2.2, D3.3, Reflecting, Connecting to real life, Representing
2. Given two functions that deal with population: 
· P(t) = 100(1.05)t is the number of people t years after the year 1990.
· S(t) = 400 + 6.25t  is the number of people that can be supplied with resources such as food, utilities, etc. t years after the year 1990.


The graphs of P(t), S(t) and S(t) - P(t) are shown, 
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a) Label the graph of each function.
b) Interpret, in context, the intersection point of S(t) and P(t).

c) What does S(t) – P(t) represent in this context? 

d) Describe the implication, in context, of the t intercept of S(t) – P(t).
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Considering the above information, by what year should we be concerned?  Explain. 
e) Per capita resource supply could be represented by the quotient, 
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, as represented by the graph below. Describe, within the context, the meaning of the asymptote.
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f) If the comfortable supply of resources is 1 unit/person, consider the above information to determine be what year we should be concerned?  Explain. 

Expectations: D2.1, D2.3, Connecting procedures and concepts, Reasoning, Representing 
3. 
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Given the provided graphs of y = f(x) and y = g(x).
[image: image6.wmf]Create a chart with headings as provided in the example by selecting appropriate x-values and x-intervals, and stating associated properties relevant for sketching a graph of 
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, and sketch y=h(x) on the same grid.


Some properties to consider are: 0, fraction < 1 in size, positive, negative, increasing, decreasing, asymptotic, approaching infinity, large size, small size. An example and the rubric are provided. 

	x  or interval
	Properties of f(x)
	Properties of g(x)
	Inferences about h(x)

	O < x < 
[image: image8.wmf]2
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	Positive

Fraction < 1 in size

increasing


	Negative

Fraction < 1 in size

increasing


	From (0,0), the function is negative and increasingly larger in size as x approaches ½ i.e., approaches a vertical asymptote at x=
[image: image9.wmf]2
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	<Add additional rows as needed.>
	
	


	Connecting



	Making connections between information in the chart and the graph

	Makes weak connections
	Makes simple connections
	Makes appropriate connections
	Makes strong connections

	Collection of data  that  can be used to solve  the problem 

[e.g., select critical x-values and intervals for the chart]
	Gathers data that is connected to the problem, yet inappropriate for the inquiry
	Gathers data that is appropriate and connected to the problem, yet missing many significant cases 
	Gathers data that is appropriate and connected to the problem, including most significant cases 
	Gathers data that is appropriate and connected to the problem, including all significant cases, including extreme cases



	Reasoning and Proving

	Reading given graphs 


	Misinterprets a major part of the given graphical information, but carries on to make some otherwise reasonable statements 
	Misinterprets part of the given graphical information, but carries on to make some otherwise reasonable statements
	Correctly interprets the given graphical information, and makes reasonable statements
	Correctly interprets the given graphical information, and makes subtle or insightful statements



	Making inferences in the chart about the required graph

	Inferences have a limited connection to the properties of the given graphs
	Inferences have some connection to the properties of the given graphs
	Inferences have a direct connection to the properties of the given graphs  
	Inferences have a direct connection to the properties of the given graphs, with evidence of reflection 



	Representing

	Creation of a graph to represent the data in the chart

	Creates a graph that represents little of the range of data
	Creates a graph that represents some of the range of data
	Creates a graph that represents most of the range of data


	Creates a graph that represents the full range of data


Expectations: D2.5, Facts and procedures         
4. Given f(x) = 3x2+ x – 1,  g(x) = 2cos(x),  h(x)= 5x,  determine the following: 

(a) f(g(x))                


     (b) g(h(x))        

Expectations: D 2.5, Connecting concepts and procedures

5. If f(g(x)) = sin2 x + 3sinx – 1, determine possible expressions for f(x) and g(x), where g(x) 
[image: image10.wmf]¹
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Expectations: D2.3, D2.4, Facts and procedures, Selecting Tools and Computational Strategies         
6.  Complete the following chart: (Graphing technology permitted)

	Function
	State: even / odd / neither
	Explain/show how you know

	f(x) = 3x2 + x


	
	

	g(x) = x2


	
	

	f (x)g(x) 


	
	

	f(x) – g(x)


	
	

	f(g(x))


	
	Explain using 2 methods




Expectations: D2.7, Selecting Tools and Computational Strategies, Reasoning and Proving

7.  Given f(x) = x2 + 1, x 
[image: image11.wmf]0
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 , determine f-1(x).  Show that f(f-1(x)) = x.  (Graphing technology permitted)
Expectations: Overall D2, Selecting Tools and Computational Strategies , Reasoning and Proving

8.   Each of the following graphs is the combination of the functions  f(x) = sin(x) and 

g(x) = x. 

State the resulting function as a combination of these using addition, subtraction, multiplication, or division.  Justify your answer by making reference to the key features of the graphs as related to f(x) and g(x). [Graphing technology not permitted].
	Graph 
	Equation and Explanation
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Expectations: Overall D2, Reasoning and Proving, Connecting concepts and procedures

9.  
State a combination of two of the following functions which will produce each of the following graphs.  Justify your answer by making reference to the key features of the graph as related to the given functions. [Graphing technology not permitted].

Select two of the functions: f(x) = x, g(x) = x2,  h(x) = cos(x),  j(x) = 2x ; and select one of the operations: addition, subtraction, multiplication, division, for each of the given graphs.

a)
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b)
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c)
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Expectations: D2.5, D3.1, Reasoning and Proving, Connecting concepts and procedures

10. a) Compare and contrast the given graph of h(g(x)) = cos(x2), to the graphs of 

h(x) = cos(x) and g(x) = x2  with respect to each of the following. 
i)  domains
ii) maximum and minimum values

iii) even/odd natures 

iv) the oscillating natures

       b) Extend the grid and draw your prediction of the graph of h(g(x)) = cos(x2) for 
increasingly large values of x.
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Expectations: D2.1, D2.3, D2.5, D2.8, Connecting concepts and procedures, Reasoning and Proving, Reflecting

11.  For each of the following, state whether it is True (T) or False (F). 
If it is True, explain how you know.  
If it is False, correct the statement OR provide a counter example. (Graphing technology permitted)

a)  If f(x)
[image: image18.wmf]*

g(x) = f(x), then g(x) = 1.  






T    F 

b) If f(g(x))=f(x) then g(x) = x.  






T    F 

c)  If f(g(x))=f(x) then g(x) = 1.  




                      T    F 

d) If f(x) is even and g(x) is even, then f(x) + g(x) is even



T    F 
e) If f(x) is odd and g(x) is odd, then f(x)
[image: image19.wmf]*

g(x) is even  


           T    F 
f)  If f(x) is a constant function and g(x) is a quadratic function, 
then the graph of g(x) + f(x) is the same as a vertical translation of g(x)  












           T    F

Expectations: D2.3, D2.5, D2.7, Connecting concepts and procedures, 

Reasoning and Proving, Reflecting

12. State if each of the following statements is always true (A), sometimes true (S), or never true (N).  Justify your answer. (Graphing technology permitted)

a) f(g(x)) = g(f(x))   







       A  S  N
b) When combining functions using division, the resulting graph will have one or more vertical asymptotes.    





       A  S  N
c) If f(x) is even and g(x) is even, then f(x)
[image: image20.wmf]*

g(x) is even    

       A  S  N
d) If f(x) is odd and g(x) is odd, then f(x) + g(x) is even    


       A  S  N
e) f(f-1(x)) = x    








       A  S  N
Expectations: D2.1, Connecting concepts and procedures, Reasoning and Proving, Reflecting
13.  Consider the given graph of 
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     (graphing technology permitted)
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a) Explain why it makes sense that the graph is in only the 1st and 3rd quadrants

b) Approximate the co-ordinates of the local minimum in the first quadrant. ____ 

c) Explain the behaviour of the curve in the first quadrant by making reference to the original functions. 

Expectations: D2.1, D2.3, Connecting concepts and procedures
14. New functions with specific properties can be created by combining two functions from different function families (i.e., linear, quadratic, cubic, trigonometric, logarithmic, exponential) through  the operation of addition, subtraction, multiplication, division, or through composition.


Example: Create a combination of 2 functions that results such that the resulting function is always increasing.  
 
Sample Answer:
 

If f(x) = 2x and g(x) = x, and the operation is addition, then  h(x) = 2x + x is always increasing.

Create a combination of two functions such that the resulting new function:
a. has a vertical asymptote at x = 3

b. is asymptotic to the x axis

c. is an even function

d. is an odd function

e. has exactly 2 zeros.

Expectations: D2.4, D2.5, Connecting concepts and procedures, Reflecting, Reasoning and Proving 
15.  Given the following graphs of f(x) = log(x)  and  g(x) = sin(x)
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a) Predict the graph of f(g(x)).  Sketch your prediction on the grid below.  
Explain your thinking about the key features directly on your graph. You may not use graphing technology for this part.
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When you have completed this, please have your graph signed by your teacher and access graphing technology provided.

b) Use graphing technology to graph f(g(x)).  Sketch a copy of this graph on the grid provided and compare it to your graph.
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 If your graph is different from the one created using technology, analyze the differences and describe any aspects you did not initially consider when making your sketch.  Explain what you understand now that you did not consider originally.

If your graph is the same as the one created using technology, explain how you determined the domain and range.

Expectations: D2.4, D2.5, Connecting concepts and procedures, Reasoning and Proving
16. Given f(x) = log(x) and g(x) = sin(x), the following graph is a sketch of f(g(x)).  
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State each of the following and explain the connections between the properties of the above graph and the original functions f(x) and/or g(x):
a) The domain

b) The range

c) The x intercepts (zeros)

Expectations: D 1.8, D1.9, Connecting concepts and procedures, Selecting Tools and Computational Strategies, Reasoning and Proving

17. Provide evidence of the truth of the following statement using at least three different instances, or refute it with a counter-example. (Graphing technology permitted)


The slope of the tangent at x1 on the sum of y=sinx and y=x is equal to the sum of the slope of the tangent at x1 on y=sinx and the slope of the tangent at x1 on y=2x.

OR assess the same mathematical concept in context. For example,  
(Graphing technology permitted)

Water is pouring into a tub from 2 hoses simultaneously.  Fluctuating water pressure in one hose and different sizes of hoses result in w 1= 2t + sin(t) from the red hose and w2=t from the blue hose, where w is the number of litres that have flowed from the hose at any time, t minutes, after the hose was turned on. Explore whether or not the instantaneous rate of flow of water from the red hose added to the instantaneous rate of flow of water from the blue hose is equal to the instantaneous rate of flow from the two hoses combined.  Consider at least 3 different instants. e.g., at  t = 2, 5, 10.

Expectations: 2.1, Connecting, Representing

18. Given f(x) = x and g(x) = sin(x)
a) Sketch the graph of h(x) = f(x) + g(x) = x + sin(x) without technology.
b)  Describe the key features of your graph with reference to f(x) and g(x). (provide grid)

Expectations: D 2.4, D2.5, D2.6, Connecting to real life

Graphing technology permitted

19. A prospective boat owner wants to determine the approximate dollar cost per hour of operating a particular boat. The manufacturer states the speed of a boat, s in kilometers per hour, at time t in hours after the boat is under way, is represented by s(t)=8+t+0.2t2. At the current cost of diesel fuel, the dollar cost per kilometre of traveling at speed s kilometres per hour is represented by c(s)=(0.01s-0.7)2+5. 
a) Form an  algebraic expression for c(s(t)), the cost of operating the boat as a function of time. (expansion is not needed)
b) Determine, using technology, the time when the boat is running most economically per hour during a 15-hour trip.

Expectations: C4.3, D3.2, Selecting Tools and Computational Strategies,
Connecting concepts and procedures

20.  Solve: 
 -x3 + 9x > 2(x - 3)2 

(graphing technology permitted)


Expectations: D3.2, Connecting concepts and procedures, Reasoning and Proving

21.
a) Solve: sin(2x) < 2x, -2( ≤ x ≤ 2( (graphing technology permitted)

b)  If x < 0, how many intervals are there such that sin2x < 2x?  Explain.

 Expectations: D3.2, D3.3, Connecting to real life
22. Emil invests $100 at 8% simple interest.  The equation representing his accumulated amount is: A = 8t + 100, where t is time in years after the investment is made.  Amy invests $100 at 5% compounded annually.  The equation representing her accumulated amount is A = 100(1.05)t, where t is time in years.  During what time interval is the value of Emil’s investment greater than Amy’s? (graphing technology permitted)
Expectations: C1.7, C4.3, D3.2, Connecting concepts and procedures, Representation

23. The highlighted values on the x axis represent the solution to an inequality involving  
the two functions shown on the following graph.
a) State the equations of the two functions shown on the graph.
b) Determine the algebraic representation of the associated inequality 
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Expectations: D3.1, D3.3, Connecting to real life, Representing

25.  The given graph shows the Canadian National debt from 1900 to 1960.

Consider the time period from 1936 to 1956 only.  If you were to represent this data algebraically, identify each type of function you would choose and state the domain over which this function model is appropriate.  Explain your reasoning for your choice of function model. 

	Domain
 (in years)
	Algebraic (function) Model
	Reasoning
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Expectations: D2.2, D3.2, D3.3, Connecting to real life, Representing
26. The given graph shows the Canadian urban and rural population from 1871 to 1971.  
a) Over what time period was the population for the rural population greater than the urban population?  ______________

b) In what year was the urban population the same as the rural population? ______

c) Explain why the graph of the total population is an example of a combination of functions.

d) Create another graph, directly on the grid, to represent the total population from 1871 until 1901.
e) Make an observation about trends over time and possible implications.
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OR Expectations: D2.2, D3.2, D3.1, D3.3, Selecting Tools, Connecting to real life, Representing with graphing technology and data from E-STAT [v151537]
The given graph shows the Canadian urban and rural population from 1871 to 1971.  

a) Over what time period was the population for the rural population greater than the urban population?  ______________

b) In what year was the urban population the same as the rural population? ______

c) Explain why the graph of the total population is an example of a combination of functions.
d) Use technology to determine an appropriate model and corresponding graph for:

I. the rural population

II. the urban population
III. the total population

e) Make an observation about trends over time and possible implications.

Answers to Alternative 26 d: 
1)  RURAL POPULATION CAN BE MODELLED BY A LINEAR FUNCTION
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2) The urban population can be modelled by an exponential function using sliders
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Nspire Analysis

Data from E-Stat (Year, Total Pop, Urban Pop, Rural Pop)

	
	
	
	

	
	
	
	

	1871
	3737257
	722343
	3014914

	1881
	4381256
	1109507
	3271749

	1891
	4932206
	1537098
	3395108

	1901
	5418663
	2023364
	3395299

	1911
	7221662
	3276812
	3944850

	1921
	8800249
	4353428
	4446821

	1931
	10376379
	5572058
	4804321

	1941
	11506655
	6252416
	5254239

	1951
	14009429
	8628253
	5381176

	1956
	16080791
	10714855
	5365936

	1961
	18238247
	12700390
	5537857

	1966
	20014880
	14726759
	5288121

	1971
	21568305
	16410785
	5157520

	
	
	
	

	
	
	
	

	
	
	
	

	
	
	
	

	
	
	
	

	
	
	
	


Rural Population 1871 to 1971

Rural: f1(x) = 269922.6x + 2431120

[image: image32.emf]
Urban: f2(x) = 453670 * (1.0311)x
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Total: f3(x) = f1(x) + f2(x)
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3) The total population can be modelled well by a function that sums these two functions. 
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