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EDITORIAL

It is with some trepidation thet I look forward to the task
of prefacing each issue of the Ontario Msthemstics Gazette
with an editorisl. However, the first editorial is really
an easy one to write; I shall simply tell you what the
Ontario Mathematice Gazette 1s, and indicate what it aims to
accomplish.

This first issue of the Onbario Mathemstics Cazette is made
possible through the financial agsistance of the Ontario Mathe-
matics Commission (through its Advisory Committee on Research
and Publications) and the Ontario Associstion of Teschers of
Mathematics and Physics. Indeed, the Gazette includes among
its functions those previously performed by the CATMP News-
letter; it can be considered as & successor, in amplified
‘form, of the Wewsletter.,

Among the aims of the Gazette will be that of increasing the
liaison between secondary school teachers and students on the
one hand and university professors on the other hand. Tt is
hoped that portions of the Gazette will attract student readers;
perheps this aim could best be achieved if mathematics teachers
would induce their boards to buy bulk lots of future Gazettes,
since most boards probebly have funds set aside for purchase

of educational literature and materials.

The actual productlion of the Gazette will be made easier if
teachers will be genercus with suggestions for future features
or articles. What would you like to see in the Gazette? We
welcome articles, problems, correspondence; do not be shy
about offering help. If we can't use your first submission,
perhaps we can use your third! Any articles to be considered
for publication should be sent to the Editor-in-Chief, who
will pass them on to & suitable referee for judgment; corres-
pondence on other matters should be addressed to the appropri-
ate editor. In particular, any "newsy" meterial should be
sent to the Newsletter Editor. .

One guestion we would like to see answered is the following:
how ‘should the Gazette be financed? We hope to put out three
or four issues per year once we get rolling. Would you Favour
a subscription of, say, one dollar per annum? Do you think
school boards could be encouraged to subscribe for their
teachers? Here 1s one area where we would welcome correspon~
dence.

"And now, before concluding, let me meke the usual disclaimer.

Any views expressed in articles ere the views of the particu-
lar authors, and do not necessarily reflect the views of the
Ontario Mathematlics Commission, the Cntario Assoclation of
Teachers of Methemstics and Physics, or the Editorial Staff
of the Ontario Mathematics Gazette.




This first issue has had little precedent to rely on. We are
trying to develop a typlcally Canadisn megazine which will
differ from corresponding American publications in two res-
pects: the percentage of articles on mathematics, rather then
on "education", will be higher; the articles on purely Americen
themes will be lacking. Naturally, we won't achieve perfection
in one effort! But we count on you to help us; how do you like
our first effort, and what suggestions have you for the future?

With best regards to present snd future friends.

Gulh . bt

Editor-in-Chief

SURD EQUATIONS AND EXTRANECUS ROOTS

L. D. Auckland .
3t. Thomas Collegiste Institute

It is well known that the process of squaring in solving
equations may introduce extraneous roots; for exemple, the

equation

¥ 4+ 2l 4+ x =8
becomes, on squaring,

(x + 21) = (9 - x)%,

0= x° - 19% + 60 = (x ;’4)(x - 15).
Thé root 4 satisfies the glven equstion, since ¥25 + 4 = 9;
the root 15 does not satisfy the original equation, since
¥36 + 15 # 9 (we recall that the surd sign refers to the

positive root only).

It is the purpose of this note to show how the process
of verification, which in more complicated examples can be-
cone very tedious, can be avolded by a consideration of the
domain of the variables concerned. We shall select, as.our
illustration, Problem 3(&) from the 1956 Grade XITI Algebra
paper, namely,

x2 + 2#x2 -3x - 1=

) 3x + 16.
Lef the surd be y; then
oy = (x° 4 3x + 1) + 15 = -y° + 18,
2
¥y +27r-15 = (y+ 5)(y -3)=0.
Putting ¥y = 3, X - B¢ -~ 1 =9; hence X =5 or x = -2,

X% - Bx - 1= 25; hence x = & (3 % /113).

Then comes verlfication; substitutlion in the original equation

shows (easily) that & and -2  are roots; substitution in

the original equation shows (not so easily) that (5 + J/II3)
2(3 - J/II3) are not roots.

- All this final substltution can be avolded if we charige
the format of the sclution slightly.

Given: -x2 +2 /%%« Bx -1 = 3x + 16

Solution: Set +x 2 . 5x - L=y, where y 1s a hon-negative.
real number [the quadratic surd sign always refers to a non-
negative number}

Then 2y —y + 15,

Putting y = -

¥ + 2y - 15 = 0.

Then y =35 (we automatically reject the value y = -5, since
¥ can not be negative). Consequently,
x2 -3 -1 = 9,

whence x =5 or x = -2, We do not need to verify theée
values -to know that they work; they must work, since they
come from a positive value of the surd y.

The reader will notice that this problem might have had
4 solutions (if both values of ¥y had been non-negative) or
no solutions (if both values of y had been negative),
Student exercise in this method can he provided by the follow-
ing exemples; the certainty as to which roots are valid roots,
without the need for verification, saves much work.

{1) 10 Jxe -3+ 6 = X2 - 3x + 30 , (4 roots)
(2) 5 Jx2 - 2% - 11 + xe-; 2x = 5 (no roots)
(3) 4 x4 Tt 6 = 0 (no roots)
(4) 2 sz -~ 13x + 89 + 13x = x° 4 54 (2 rbots)

Tast  Minute Nutice

The speaker at the C.E.A. luncheon will be Dr. Harvey Gellman,
presldent of a firm speclalizing in the gpplication of elec-
tronic computers to business, engineering, end scientific activi-
ties.
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Ontario BMducational Associabion

Wilfred Cunnington,
York Mills Collegiste Institute

The Easter Convention will sgain be held in the Ontario College
of Fducation building at the corner of Bloor Street and Spadina
Avenue. ILectures will be in room 374; hook displays snd seminars
will be 1n nearby rooms. '

We have arranged for three maln speakers: Dr. J. H. Hlavaty
of De Witt Clinton High Scheol and Columbis University;

Col. W. R. Sawyer of The Royal Military College of Canads; and
Dr. C. J. Seriba of the University of Toronto.

.Julits H. Hlavaty

Dr. Hlavaty, in addition to being Chairmen of the Department

of Mathematics at De Witt Clinton High School and an Instructor
at Teachers College, Columbis University, 1s a Director of the
Mathematics Commission Programme of the College Entrance Exemina-
tion Board. Many will recognize him as a National Teacher on
the Continentel Classroom which hes been in operation since

1960,

His years of experience in High School classrooms, in teacher
training, on advisory committees, and as a contributor to
various mathemagtical publications, will no doubt help to make
the comlng convention one of the bhest ever.

Colonel -W. R. Sawyer

Dr. Sewyer, the present Director of Studies at the Royal
Military College, graduated from that institution with honours
in 1924, DPost graduate work at Queen's and MeGill was followed
by an active career in the flelds of resgearch, education, and
the army. As General Staff Officer on the H.Q. of the First
Canadian Army, he was responsible for all aspects of gas, smoke,
and flasme warfere and meteorology. He has been Sclentific
Adviger to the Atomic Energy Control Board, and is now a member
of the Defence Research Advisory Committee on Chemical Warfare
and Atomic Energy. His talk on Rocketry should be most.interest-
ing.

Dr, C. J. Scriba received his education in Germany at the
universities of Marburg and Giessen, receiving his Ph.D. in
1957. A Fulbright Travel Scholarship brought him to this
continent where he spent one year at the University of Kentucky,

-one year at the University of Messachusetts, and three years

8s & member of the Department of Mathematics at the Unlversity
of Toronto. His research interests lie in the history of mathe-
mgtics, particularly around the L7th century, when calculus -and
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" on Tuesday evening at the Faculty Club.

analytic geocmetry were getting started.

Dy, Scriba has recently been awarded a scholarship under which
he will spend two years at Oxford engaged in studies in the
history of mathematics.

) PROGRAMME
Tuesday, Aprilf4, 1962
8:45 a.m. Registration and examination of Book Displays
9:15 a.,it. Minutes; Financiel Statement; President's Remarks
9:30 a.m. Speaker from Dapartment of Eduwcetion: "Tmplications

of the 3-Stream Programme for Mathematics"
10:15 a.m. Dr., J. H. Hlavaty
11:15 a.m. Father Egsgard: Report of the N.C.T.M. Summer
Meeting
11:30 a.m. Dr. Scriba: History of Mathematics
12:30 a.m. Adjournment for lunch
1:00 p.m., Tuncheon
2:30 p.m, College and Secondary Depsrtment Meeting
8:00-9:30 p.m. Reception

Wedhesday, Aprilfd
9:00 a.m.

Exemination of Book Displays; Report of Nemlnating
Committee
9:15 a.am. Dr. W. R. Sawyer: Rocketry
10:00 a.m. Dr. J. H. Hlavaty
11:00 a.m. Introduction of new executive; new business
11:10 a.m. Seminars '
’ - Grade 13: Analysis of Fractionsl Retilonel Functions
(Tim. Gibson~North Toronto Colleglate)
- Grade 12: Ratlo and Proportion '
(Dave Alexander-University of Toronto
: Schools)
- Grede 10: Inequalities and Absolute Values
(Fred Miller-Thistletown Collegiate)

The seminars will include a period for qﬁestions
from the floor and general dlscussion.

Reception

ALl members and thelr wives are lnvited %o attend the reception
This will give us all
an opportunity to meet the speskers ss well as old friends and
classmates. - The Faculty Club is located on Wilidcocks Street,
near Spadina. v ’ .

Tuncheon

Arrsngements have just been completed to have the luncheon in
Bloor Street United Church, just scross the road from 0.C.E. on
Bloor Street. The convenience of this location will, no doubt,
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be welcomed by all members.

SYLVESTER 'S PROBLEM OF COLLINEAR TRTIADS

Ross Honsberger,
Northview Helghts Collegiate Tnstitute

In connection with the geometry of the lattice, the English
mathematician James Sylvester (1814-1897) sought a finite set
of distinet points in the plane, not all in a straight line,
which possess the property that the stralght line jolning any.
two of them contains at least a third point of the set. This
property la possessed by several pairs of points in the set
A,B,...,H,I, shown in Figure 1 (G,H,I, are collinesr by
Pappus' theorem). :

D ¥ M
Figure 1-The Pappus Configuration

However, there are several lines such as AD or DI which
contain only two points of the set. Of course, It is possible
that an unsuccessful attempt might become successful by add-
ing a few strategically placed points. In the sbove attempt,
the polnt J, the intersection of AD and GH, might be
included to correct the deficiency in the line AD. Buk, with
J added, four new deficient pairs are formed - JB, JC, JE, JF.
Sylvester was unable to solve the problem. Accordingly, in
1893, nhe proposed to the mathemstical world the task of sett-
ling whether or not such & set of points was possible. The
guestion was neglected ti1l 1933, when T. Gallai (alias
Grinweld) showed thaet for any finite set of distinct points in
the plene, not all collinear, there exists a straight line
containing exactly two of them. Gallai's proof for this is
very compliceted. Soon after his success, however, other
simpler proofs were forthcoming. The following solution is
due to L. M. Kelly.

Consider eny finite set of distinet poilnts in the plene, not
all of which are collinear. Since they are not collinear, a
line which joins a pair of them cen not contain all the points.
Thus, for each line joining & palr of points, there is at
least one point which does not lie on the line. Consequently,
a list of line-polnt combinabions may be compiled in which

each line joining two of thé points is assoclated with each of

the polnts not lying on 1t (ef. Figure. 2). - -
Line-point

Combination istence
AB-C X
AB-D ¥y
BC-4A Z

F-4A B8

=

B

Figure 2.

Since the number of points in the set 1s finite, the number
of line-point combinations, though perhaps very large, is

" finite also. Therefore, theoretically, a complete llst of

the combinations may be made and inspected.

Assoclated with each of these combinatione is the perpendicular
distance from the point of the combination to its line. These
digtances may be added to the list of combinationa, The list

of distances will have the same length ss the list of combinations.

Since the list contains only a finite muwiber of distances,
there must be & distance for which there 1s none smeller. If
the distences are all equal, then any one of them meets this
requirement, Let a line-point combinetion for which the dis-
tance is minimal be AB-C, with distence p (cf. Figure 3).

The 1ine AB contains only two points of the set (nemely A
and B), or it contalns more than two. Let us suppose that
there 18 at least & third point of the set, D, which lies on
AB. Then, if KX be the foot of the perpendicular from C to
AB, the point D will put at least two points {(of A,B,D) on
one side of K, ‘or it will divide A sand B Dy coinciding
with K {Figure 4}. In the former case, The points might be
distributed along the line in the order D, A, X, B, (two on
one side of K). Thus the line-point combination CD-A would
appear in the list of combinationg, with its distance g,
which clearly is smaller than the minimum distence p. Such
an impossibllity ig encountered in each case for whlch at
least two of A, B, D 1lle on one side of K. With D sat K,
and A and B on opposite sides of K, & similar contra-
diction is provided by either of the combinstions CA-D ‘or
CB-D {Figure 4). Thevefore, any combination ylelding the
minimum distence contains exactly two of the points.

Of course, there may be more than one line conteining exactly
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twe of the polnts. Kelly and Moser proved that the number

of such lines is at leaat three-sevenths the number of points

in the set. Three-sevenths 1s the largest number which can

be used in this theorem; for the vertices of a scalene triangle
together with the midpoints of its sides snd its centroid pro-
vide an exsmple of a set of polnts for which the number of
"two-point" lines is exactly three-sevenths the number of points
{cf. Figure 5).

c

Figure 3. Figure 4, B

In certain cases, all lines are "two-point" lines, as in
Figure 6.

Figure 6.

Bibliographic Material

Howard Russell
Bast York Collegiste Institute

The majority of research studies in Mathematics Education which
are undertaken or reported in North America are reviewed at the
_end of each decade in 'The Encyclopedia of Educstional Research,
and in the intervening years they are summarized periodically in
the Review of Bducaticnal Research. The books and articles
listed below constitute only & small sample of what may be

found in these authoritative sources. The 1igt will be continued
in future issues to include some important European studies;
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as well, it will include some newly completed American -studies.
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Meathematics Teacher, 51, pp.550-552,Nov.,1958.
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- Mathematics Teacher, 53, pp.2-11, Jen.,l960,
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in the Teaching of Mathematics, 1957 and 1958,
The United States Department of Health, Educa~
tion, and Welfare,Office of Education Bullétin
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Government Printing Office].
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Hartung,Maurice L.-Teaching of Mathematics in High School and
Junior College, Review of Educational Research,
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the Secondary School,Review of Educational
Research, pp.272-287,June,1961,
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Teaching, Review of Educational Research,
27,pp.400-413,0ct. ,1957.
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Mathematics, Its Theory snd Practice,
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Rollett,A.P. - Mathematics Tesching in Becondary Schools PR Q BLEMS DEPARTMENT

in England, Mathemstics Teacher,53,pp.367-
370, May, 1960.

Rourke,Robert E. - Some Observatlons on Mathematics Educatlon i This department will be devoted to the solution and discussion
in Russien Secondary Schools, Mathematics i of problems of general interest which can be solved using secon-

| Teacher, 53, pp.24l-258, April, 1960. i dary school level mathematlcs or elementary calculus. Readers
| United States Department of Health, Fducation, and Welfare, ! are invited o submit elther problems or solutions, or both.
i Office of Education - Research Problems in As many will be published in. each lssue as space permits. As s
i Mathemstics Fducation, Co-operative Resesarch " general rule, selected solutions will be published in the issue
| Monograph No.3; lAvailable from Superin- following the publication of the problem, together with the
i!‘ tendent of Documents,Government Printing : nemes of all readers who submitted correct solutions before the .
} Office, Washington, D.C.,130p., 1960.7] : i date of publication. Problems and solutions. should be submitbted
! - Woodby, Lauren - Mgthematics in French Secondary Schools, 1 to Dr. Gerald Berman, Department of Mathemstics, The University
I Mathemstics Teacner, 50, pp.204-208, { of Waterloo, Weterloo, Ontario.

i March, 1857.
| Grade 13 Annual Examlnstions, 1961

PROBLEMS

AN INVITATICHN ; :
[ A regular Teature of the Problems Department will be the solu-
4 i tion of the Grade 13 PROBLEMS peper.. The solutions below are
The Executive and Councillors ; not necessarily those given by the Department of Education.

of More than one solution is given wvhere the editor found that

. different solutions seemed interesting or instructive, In the

The Mathemetics and Physics Section \ case of future exams, readers are invited to submit solutions
‘ and comments after the examination has teken place, and a se-
lection of these will be published.

of j

The Ontario Educational Assoclation
1. (a) Whet condition must be satisfled by the constants a,b,c
for the quadratic function

f{x,y) = % - y2 + Sax + Thy 4 ¢

Irequest the plessure of “the company of

Members, their wives and husbands
at
A RECEPTION

to be the product of two linear factors?

1 {(b) Indicate the nature of the gfaph of T{x,y) =0 in
on Tuesday, April the twenty-fourth } the genersl case, and also when the condition referred

from eight o'clock to ten o'clock o in pert (a) 1s sabisfied.
i SOLUTION
THE FACUITY CIUB (a)

University of Toronto - "
41 Willcocks Street

Completing the square on x and ¥y yields
2 2 2.2
£(x,y) = (x+a)” - (y-1)" - (a"-p"-c).

The'right hand gide is the product of linesr factors
if and only if there are real numbers A and B such
that

£(x,y) = [(x+a) + (y-b) + Al (x+a) - (y-b) + BI.

The expressions for f{x,y) are ldentical if and only
if 5
A+B=0, A-B=0, AB=-{(a"-b"-c) = -d, say;

Parking: Willcocks Street, east of club. |
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this implies A =B =4 = 0. Thus
two linear factors if and only if

a2 - b2 ~c = 0.

£(x,y) 1is the product of

(b) Translate the origin to (-a,b) by setting = + & = X ,
¥y -b=%Y; then 7(x,y) =0 may be writien in the form

X -y = a.

If 4 # 0, the curve is a rectangular hyperbola with centre at
(-a,b); if d> 0, the mejor axis is parallel to the X axis,
and if 4 < O the major sxis is parsllel to the ¥ axis, If
d = 0, the curve consists of the pair of lines X - ¥ = 0,
X+ Y =0, that is, :

X-y=-a-"h, X+ y=-a+b,

2. To what extent are x, y, z, which satisfy the equations

xX+y+tz = 2,
Xy + ye +zx = 1,

determined by the condition that they be real.

SOLUTION 1

From the first egquation,
second equation to give

2 =2 - x -y¥y; substitute in the

$Eox (y-2)x + (y-1)° = o.

Since x 1is real, the discriminant is non-negative; hence
(y-2)% > a(y-1)%;

simplifying,
y(3y-4) < o.

Thus y must lie between © and 4/3. By symmetry, x and

2 must also lle in this range; thus

' 0<x<4/3, 0<y<4/s, 0<z </
A typicel solution might be x = 4/3, y = 2z = 1/3,
SOLUTION 2

More information is obtained by proceeding as follows.h'Let

£f(t) = 2 - 22 4 t - xyz = (t-x}{t-y)(t-2);

thus x, y, eand =z may be considered as the roots of the
cuble equation f(t) = 0. Consider the curve s = £(t), for
%X, ¥y » fixed. It is a cubic which cuts the t axis (s=0)
gt t =X, t =y, t =2, s is positive for t a large posi-
tive number, and s dis negative for % a large negative
number. Furthermore
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g=f(t)
Thus the point P(L 4. xyz)
TANBIaT

must be s relative maximum and
(1, -zyz) a relative minimum.
The roots will all be real 1f
and only 1f P is not below the
t axls and Q 1= not above the

t exie (see the Figure). Thus
4/27 - xyz > 0, -~xyz <0,

Q that is

0 < xyz < 4/27.

SOLUTION 3

| It is not Aiffieult to find all x, y, z vhich satlafy the

equations. All real numbers which satisfy thé linear equation
may be written 'in the symmetric form

x=2/5+ 48, y=2/3+m, z=2/3+nt,

where £,m, and n are any real numbers such that 4 +m + n

Substituting these expressions into the second eguetion yields
2.

2 = =1/3(8m + m - ng) = 2/3(4° + e+ n2)

- 2
noting that 0 = (£ + m + n)2 2 2

>

= 45 4+ m" ¥ n° + 2(4mtmng ).
Thus, all the solutions of the equations are given by

2/5 + & J2/5(fPmPms), ¥y = 2/5 + n/2/3(4m2ns),
2/3 + 1'_11/2/3(}32+m2+n2) ’
and n are any real numbers satisfying A4mtn =

X

Jis

Z
where £,m,

The last solution is not as obscure ss it may seem at Tirst.
Since 2 o5 o . :
(xty+2)” = xT4y"+2” + 2(xy+yetux),

the numbers x, ¥y, z salso satisfy the equation

X2+y2+2.2 = P,
From analytic geomebtry, we know that this eguation represents
& sphere with centre at the origih end radius 2. Thus the
solutions of the equations are the points of intersection of
this sphere and the plane = + y + z = 2. This turns out to

be a circle of radius J% with centre st (2/3, 2/3,2/3).

3. If 8 denotes the sum of the first n natural numbers,
find the sum of the infinite series
5 8 ] &
1 23 4
—:L—+§—+T+F+.--

8 . 7 e £r{t) = 52 - 4t + 1 = (3t-1){t-1)
vanishes ot t =1 and t = 1/3.

0.




SOLUTION 1,
It is known that 8, = n(n+l)/2; so the series may be rewritten
in the. form B
(1) = = 1.2(%) + 213(%—)2 +oeve +n(n+tl)(E) + ...
The coefficients are mimiler to binomial coefficients; in fact

L L2, 285, pnlH) 1
3 2 2 2
(1-x) .
If we set x = 1/2, we obtain s = 1/(1 - %)3 =8,
SOLUTION 2 ’
Denote the sum by s s before, Multiplication by % ylelds
2 3
(2) % =1.2(3) + (2.3)(2)° + ver + (n-1) (D)™ + ... .

Subtracting (2) term by term from the series (1) for g, we
geb

(3) Zs=s-%s=23)+ a3+ ...2n@ 4 ..,

Multiply expression (3) by %, and subtract the resulting ex-
pression from (3),

)2

4

() s -Fowloawdsoes (B 4. =1/(1-2) =2,
Using (4), we have s

=8, as vefore.

4, Prove that
m' 2m

1 -1
) (Em) < Z. 2
m+1 ) { 2m+1 ret] Te 2n

for all integers m, where

2m
Z -i2= 12+ 12+...+ 12.
remtl T (m+1.) {(m+2) (2m)
SOIUTION 1
Since n-1 <n < n+l, it follows that
1.1 __1 1. 1 _ 1 .1 .
n ookl n(nil) . 02 n{n-1}) ~ n-1 10 °
2m 1 '
For convenience, set s = X 5« Then
m 2
. r=mtl r
o < 3 oA L 1.1 _ 1
: - = ")
ey Y7L 0T m  2m 2m
RS R N S A
m mey T T T omtl 2wl - (mtl){2mL)
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SOLUTION 2

Calculus may be used to solve this problem as follows. Con-
slder the curve ¥y = l/xe. The value of y decreases as
X increases, so that the area between the x axis, the curve

n,l/xa — ¥ o= 1/x2, .and the lines  x = n,
\\QL‘\\ x = n-1 1is grester than l/n2;

similarly the area between the
— 2
x axis, the curve ¥y = 1/x°, and
the lines x =n, x = n+l, 1s
less than l/n2. This is obviocus
nel n o w Trom the diegram (each of the .
rectangles shown has area 1/n%).
Thus :
n+l dx 1 n dax
] S <5< | =.
2 2 2
n = n n-1 x
So that Zm n+l 2l
W B L2 L E et
m+l n X m+1 xe ) @+l L
and
2n. n dx 2m dx 1
Sm<zf—§-f—§=ﬁ-
m+l n-1 x m x

5. (a) In s triengle with vertices (a,0), (-a,0), (0,b),
prove that
{i) the medians coneur in a point G (the centroid),

{i1) the right-bisectors of the sides concur in a
point H (the circumcentre),

* (1ii)the altitudes concur in a point K (the ortho-
centre). i '

(b) Find the ratic HG:CK.

{¢c) Draw a figure to show the positions of these three
points when a = b.

SOLUTTON

Iet A, A', and B denote the points with coordinates (a,0),
{-a,0), and (0,b) respectively.

(1) TLet M, M' denote the midpoints of AB and ‘A'B res-
pectively. L
Then the coordinates of M and M' are (3a,2b) and
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2 2 2 ) ' _
(-%a,%b) respectively, and the equations of the mediens 6. If the cirele x + ¥y = v meets the x axls in 'Al and

A'M end AM' are - . any chord parallel to the y axis in Pl and P2, prove that
Say = b(x+a), -Zay = b(x-a). ' the locus of the point of intersection of AlPl and A2P2 is
These lines intersect in the peint G with coordinates : : 2 2 _ 2
(0,b/3). The third medien x = 0 also passes through the rectangular hyperbola x o=
a. SOLUTTON
(ii) - The slope of AB is -b/a. Thus the right bisector of , The coordinates of A, and A, are {r,0) and (-r,0).
AB passes through M(3a,%b), and has slope a/b. I iy : . th 2, ,2_.2
Similarly, the right bisector of A'B jasses through ig Let Pl(xl’yl) be any point on the 01rc;e, us Xy p =T -
(-32,2b) and has slope -a/b. The corresponding equa- ‘ -:H The coordinates of P, are (xl,—yl). Let P'(x',y'} be
tions are ' ( ] thé point of intersection of AlPl and A2P2‘ B8ince P! lies
b(2y-b) = a(2x-a), on AP, and AP, we have
b(2y-b) = -a(2x+a).. ‘
. 2 2 y! N
The intersection point H is {0,(b"-a")/fb]. The 7 slope DyAP' = o = =
third right bisector, x = 0, passes through H. 1
(iii) The altitude of the triangle through A' is clearly ¥ yl
parallel to the right bisector through M, and thus slope A2P2P4 = e - T
has slope a/b. Similarly, the altitude through A has : 1
slope -a/b. The equations are ¥
by = a{xta), by = -a(x-a), P
and the point of intersection K is (O,ae/b). The ' ‘h\]\g
third altitude, =x = 0, passes through K. ‘ _ 0 Al x
2
(b) The points G, H, and K 1ie on the y axis. Thus
HG = /3 - (bP-a2)/2b = (5a2~b2}/6‘o,, end OK = (a2/b - b/3) o
= (58°-b2)/5b; so HG/GK = . 2 '
{e) 1In the special case a = b, the coordinates of the points ' S i
G, I, K become (0,8/3), (0,0), (0,a), as shown in the
diagram. Multiply the eguations together, we find that
[In this problem, it is sufficient to obtain equations relating ' o . 2 —(r2-x 2)
to A. The equations relating to A' are then obtained by y! _ " . 1 = 1
replacing a by -a.) X,E_TE - x 2_r2 B % 2 r2 *
K=B(0,a) 1 1
2 2 2
Thus (x',y') lies on the hyperbola x° - y~ = r°,
- ' f
M 7. A chord PQ of a parabols cuts the x axis in R; tangents
1 at P,q intersect in T. Prove that RT 1s bisected by the
: tangent at the vertex.
G {(2/3,0) SOLUTION 1
Al _ A By choice of coordinste axes, the equation of the parabola can
(-a,0) ‘H]O (a,0) be put into the form. yo = 4ax, and the points P and @Q
_ represented in terms of a paremeter in the form P = (au2,2au),
- 18 - ) : - 19 - ' .




Q = (av2,2av). The equations of the tangents at P and ¢

are then 2 o
X-uwy+auw = 0, xXx=-vy+av = 0
respectively, and the intersection point T has coordinates
{auv, a{ut+v)]. The equation of PQ is
2x - (u + v)y + 2auv = O
hence R, the point of intersection with y = 0, has coordin- . .- |

ates (—auv,O). Thus the midpoint of RI' has coordinates

[O,§¥u+v)], and lles on the tangent at the vertex, namely, 8
x = 0.

X
SOLUTION 2

A much simpler solution may be found by noting that PQ i1s
the polar of T. Thus, if the coordinates of T are (xo,yo),
the equation of PQ is

Yo = 2p(x+ xy).
Setting y = 0, we find that R hes coordinatee (-XO,O);
hence 8, the midpoint of RT, has coordinates (0,%y0),
that is, S5 1s on the tangent at the vertex.

8. Tangents are drawn to the. circle x2'+ ye = 1 from any

point (h,k) on the fixed line x = h, where h > 1, and
from the point (-h,~k). Prove that the two vertices of the

perallelogram formed by these tangents lie on the ellipse

X2 + y3(1 - 1/m%) = 1

for all values of k. ) 3
SOLUTION
et Q(x',y') be one of the intersection points. The line

through @ and (h,k), which has equation
{y'=k)x ~ (x'-h)y + kx' - hy' = 0O,
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must be tangent to the cirele x2 + y2 = 1, Thus the perpen;
dicular distance from the origin to this line must be 1;
squaring, we obtain the condition

(1) (x-0)® + (y'1)® = (xtenyt)?,

Similarly, the condition that the line joining @ +to (<h,-k)
be tangent to the circle ylelds (replace h and k by -h

-and -k}

(2) (x‘+h)2 + (y'+k)2 = (kx‘-hy')E.

We need to get a relationship'between x' and y' by eliminat-
ing k between (1) and (2). Adding and subtracting (1)
and (2), we cbtain :

(%) X124 y'g + 0%+ k% = (kx' - hy')e,

(4) 0 = hx' + ky',

Squaring (4) and adding to (3) yields on simplification

2 2
x"2+y'2—l = .}Lei.._}_r_l__z__;
h™ + k
Using (4) again, the right hand side equals, y,2/h2‘

9. The inscribed clrcle of the triasngle ABC +touches the

sides BC, CA, AB in the points P, q, R respectively.
Show that
cos %A,: cos %B”: cos %C ¢ o= QR : RP : PQ.
SOLUTION
Let © be the centre of the inscribed cirele, and let OA
cut QR in A.. It is immedlizte that O©A bisects the angle

1
A; and the line segmeht gR. TFurther, since OAR 1is a right
angled triengle, < AOR = 90° - A, Thus
QR = 2AR = 2rsin (90° - 34) = 2r cos %A
Similarly RP = 2r cos 3B and PQ = 2r cos 3¢, and we have
cos %A . Cos %B .. ctos %C B ;L
R ut .
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10. Gilven that one slde of & trisngle is twice as long as
ancther side, show that the angle opposlte the filrst-named
gide 1s more than twice the angle opposite the obher side.

SOLUTION

Let the triangle ABC, with interior angles o, B, ¥ .respec-
tively and sildes a = BC, b = CA, ¢ = AR be such that a = 2b,
We must show that o > 28, or equivalently, sin{w-2p) > 0.

The sine law shows that sin @ = 2 sin g; hence

sin (@ - 2p)

!

sin & cos 28 - cos @ sin 2B

=slnq@ [1 -2 sinEB] - 2 cos ¢ sin g cos B
=sina -2 sin g [=in B 8in o + cos o cos gl
= gin ¢ - 2 sin B cos (0=B)

= gin ¢ - sin @ cos {Q@-B)

= sin o [1 - cos {a=p)].

Since o - B > 0, cos (dnﬁ) #£ 1; hence sin{o-28) > 0. This
proves the result.

11l. Two equal rectangles, both inscribed in the cirele

x2 + y2 = 1, with their axes of symmebry along the x axis and

y axis, cross each other, forming a square ABCD which is
cormmon to both rectangles.

-

{a) If © 1s the acute angle between the diagonal of one
rectangle and 1ts major axls of symmetry, find, in terms
of 8, the total ares of the four rectilinesr figures
exterior to ABCD. -

(b} Find the value of +tan & when this total area is a maxi-
mum.

SOLUTTON 1

{a) ©Bince the disgonals of the rectangles have length 2, it
follows that the two sldes have lengths 2 cos 6 and
2 s8in 8, with 2 cos 8 > 2 gin 8. Thus the area of each
rectangle 18 4 sin @ cos 0, and the ares of the square

ABCD is 4 sinee. The required area R, which is twice
the difference between the area of one of the rectangles
and the square is glven by S

R = 2(4 sind 6 cos 6 - 4 s:i_n29).

(r) Noting that 2 ein 0 cos 0 = sin 20, -2 5in°8 = cos 2g-1,
snd cos 45° = sin 45° = 1//2, we can rewrite R in the
form

R ‘= 4(sin 20 + cos 20 - 1) = 4[¥8 sin(28 + 45°) - 1).
It follows that R 1is a maximum when sin(20 + 45°) = 1.

- 20 u

Thus @ = 225% 1= tan 45° = 2 ten 22.5°/(1-tan®

20,5°),
Hence tan 22.50 is the positive root
of the equabion x- - 2x - 1 = 0, that 1s, tan £0.5°
= -1+ +5.
SOLUTION 2

Calculus can be used in (b) to find the maximum value of R.
Thus -
dR

dag

II

8(c0829 - 8109 - 2 sin 0 cos @)

B{cos 26 - sin 20).

We see .that %g = 0 when cos 20 = sin 20; hence ‘tan 26 = 1,

20 = 450, as before.

12. A cylinder of welght w pounds rests with its axis hori-
zontal in a trough made of two planes which are perpendicular
to each other and equally inclined to the vertical. A horizon-
tal force of T pounds, applied at the top of the cylinder
and perpendicular to its axis, is just on the point of turning
it. Assuming that the cylinder in turning remains in contact
with both faces of the trough, and that the coefficient of
friction between the cylinder and each of the Lwo planes is u,

w o /B
b2+ /B) 41

show that
F =

SOLUTYON

Let the tangential forces at the
points of contact be denoted by
Tl and T2’ and let Rl and
R2 be the corresponding normal

reactions as shown. The only
other forces acting are the weight
W, eacting at the centre of the
cylinder, and F at Q. FEguating horizontal and vertical
forces, ylelds

(1) F - Rl/@ - Rg/v’é + Tl/-/§ + T2/1/§ = 0

and

(2) W - Rl/Jé - R2/1/§ - Tl/~/§ + Te/-/E = 0.

Taking moments about @, yilelds

(3) Fa = Tla + Taa;

since Rl’ R2, and w- acht through O, Friction at Pl and
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P2 ylelds

(4) T, = BB, T, = uR,

The required relation 1s cbtained by!eliminating Rl, RE’ Tl’
from these equations.. From (1)} and (3), we get

and _T2
(5) (JE + 1)F = ‘R, - Ry,
{3) and (4) imply ‘
1 1 1,
(&) R +R, = m (Tl + T2) = 7T R -R, = p(Tl - T,

Substituting in (2) yields
:L L]
'/éW' = ":F"I‘ H(Rl "R-E),

then, using (5), we obtain
2w = % F + u(¥2 + 1)F.

This equation is easily solved for F 1in terms of w and .

BOOKE REVIEWS

Bets, Sentences, and Operations,
by Donovan A, Johnson and William H. Glenn.

In the series "Exploring Mathematics on Your Own". Webster
Publishing Compeny, St. Louls, 1960. 63pp. $1.05.

This booklet was written with the intention of introducing the
terminology and symbolism of the set method and the use of Venn
Disgrams to mathematicel enthusiasts who have not previously
been familiar with it. The material is quite within the grasp
of most secondary school students and would serve as enrich-
ment material for any classes not already studying the so-called
nev mathematics. For classes already studying this approach,
the booklet might offer novel ideas and interesting problems.
However, the terminology and symbolism is somebimes different
from that presently in use in recent Ontsrioc publications.
Examples of such differences are "universe of a variable" rather
than "domain of a variable", and frequently "{ }" for the empty
set.rather than ”ﬁ". Each symbol and term is well explained;

20 no ambiguity should occur. :

The booklet 1s set up in three sections: sets and set termin-
ology; sets and solving problems; sets in geometry, algebra,
and logie. A concise but entirely adequate description of
each toplc is followed by three Lo five exercises based on

the material previously presented. There are frequent examples
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of complete sclutlons to problems in the presentstion part of
8 topic; for sll exercise materisl, the snswers are given at
the back of the book.

Three-colour presentation glves the book an interésting a@pear—
ance, and the red colour emphasizes the importent ideas to Dbe
gained from the frequent dlagrams throughout.

The booklet 1z well written and should provide a good under-
standing of set terminology, operations with sets, and use of
sets and elementary mathemstics in some practlcsl problems.
Lack of an index causes & slight handicep as far as referring
to particular topics, but the small size of the book minimizes
the lnconvenience.

A short bibliography is given to lead interested readers to
more thorough and more advanced books using this approsch to
mathematics.

J.F.Chambers, Jarvis Collegiate Institute, Toronto.

Some Views_on Mathematical Education
Professor GEORGE POLYA was recently invited to address the
Panel Discussion of the Cenadian Mathematical Congress. He
replied that he was extremely interested but to his deep
regret had to sail for Burope on August 21. However, he kindly
sent a message, reproduced below:

To the Panel Digcussion of the Canadian
Mathematical Congress
Fridey, September 8, 1861

I wish to congratulate the Cansdien Mathematical. Congress for
Initiating the panel dilscussion to which these lines are
addressed.

In fact, there 1s virtually unanimous agreement that the high
schools should teach more mathematics and should teach it
better. Yet it is much less clear how this goal should be
attalned. .

The various groups now working on the revision of the curricu-
lum deserve the thanks of the public. Yet two points should
ve clear: First, the proposed programs are experimental; some
of thelr proposals may be eventually adopted, several will be
rejected. To regard any of their propeosals as final at this
time, before further discussion and experimentation, to accept

. any one as a dogma, would be a grievous error. Second, no

change in the curriculum, however desirable it may be in itself,
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can cure all the 1lls: the real bottleneck is, in my opinion,
the insufficient training of the teachers. Hence my best
wishes to your pane) which has the Important task to discuss
remedies for the sorest peint of the high school mathematics
instruction.

I wish to submit twe points to your consideration to which I
gttached the greatest weight in the last five or six years in
which my tesching actlvity was almost exclusively devoted to
.high school teachers. Each high school teacher of mathematics
should heve, I think, opportunity in his training for two
things: )
(1) Some prsctive in solving problems which need only
knowledge on the high school level, but some degree
of independence and originality, In fact, how should
the teacher recognize or divect the creativity of his
students if he himself had never an opportunity to do
something apprcaching creative work.

{(2) To acquire knowledge of physlcal selence, ab least®
some serlious understanding of elementery mechanics
and optics. In fact, separated from science, mathe-
matics loses one of its most important sources of
interest and inspirstion, not to mention usefulness.

I wish to mention thet, In my instruction, I tried to take
care of these two points which I consider as crucial by twe
" courses. They are: .

(1) Beminar in Problem Solving;
(1i) Mathematical Methods in Science.

My very best wishes for the success of your panel.

George Polya.

Some Remarks from our O.M.C. Editor

R.B.Gwilliam, Ryerson Institute of Technology

Prior to the formation of the Ontario Mathematics CommisEion

in the summer of 1960, a conference had been held at Lakefield,
unider the sponsorship of the Ontarioc Teachers' Federation, to
discuss various aspects of the curriculum and teaching of mathe-
matics in the Ontario school system. The promoters of the

" Lakefield conference were moblivated by various considerstions
which included the work of several groups in the United States
and a feeling that major changes in the mathematics programmes
might be desirable.

The Ontario Mathematics Commission inherited the "Lakefield
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Proposals" which stated that, whilst the basic mathematical
content of the curriculum was sound, some new topics and
different approaches to existing topics should be tried in

some schools on an experimental basis during the coming years.
The productlion of the experimental texts at present in use in
selected Grade IX and Grade X classes was a direct result of
the "Lakefield Proposals"., However, serious doubts were ex-
pressed by meny members of the Commission aboub’ the desirability
of using public funds - grants for the support of the- Commission
from the Department of Education - to encourage the production
of' textbooks by potentisl suthors. There are soine members who
would like to see the Commission limit itself to producing
.monographs on mathematical topics and teaching methods, and to
encoursging authors who are not members of the Commission to
write books for approvel by the Department of Educstion.

During its second year of life the 0.M.C., altered its consti-
tution to relegate the writing committee's work to a positicn
subordinate to the work of the Advisory Committees on Secondary
and Elementary Fducation. By this change it was hoped to en-
courage commlission members to devote time to assessing the
current curricula in foreign countries and to making predic-
tions sbout the future of mathematicel education in Ontario.
The recent news of the 'Robarts Plan' makes this work most
desirable.

Not unnaturally, the Commission and its works have beepn sub-
Jected to eriticism; some of the more important ones are
summarized below.

(a) The 0.M.C, is not, in fact, commissioned to do anything.
It has no terms of reference' and its work has not been
officially cobrdinated with the curriculum branch of the
Department of Education. '

()  The members of the Commission do not adequately represent
" all the groups and professional bodies concerned with
mathematical education in the schools. Some persons
have suggested that the universities should not be repre-

sented exclusively by members of Departments of Mathe-
maties, but that Schools of Science and Engineering have
interests in the work of the Commission.

(¢) ‘The 0.M.C., to date, has been only slightly concerned
with the mathematical training of the mejorlty of school
puplls who receive less than ten years of formal educa-
tion.

(a) Consideration should be given to developing programmes
of mathematics which would encourage rapid progress to
creative levels of mathemeties by exceptional pupils at
high schools. It may be that some segregated schooling
should be tried to reach this end.
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Comments about 'Modern Mathematics' are not lacking; since
the major productions of the Commission to date have been
favourably disposed towards 'axiomatics' and 'set theory', it
may be in order fio quote some recent statements in connection
with other considergtlons.

Professor George Polya in a wecent letter to the Canadian
Mathematical Congress stated that, in his view, the bottleneck
in mathematical educatlon is the insufficient training of
teachers; Professor Polya's statement 1s reproduced in its
entirety elsewvhere in the Gazette.

Professor Andrew G(Gleason of Harvaerd, in Vol. 68 (No.9) of

‘the American Mathematlcal Monthly, conments: "Among the so-
called modern approaches to college mathematics are those that
put altogether too much emphasis on formal logic and set theory.
. It does not take very much formal menipulsetion of nonsense state-
ments or cup and cap slgns to convince a bumpbious freshman
that mathemastics is trivial and impractical. He is likely to
drop the subject, read a semipopular book, and become a firm
believer in the curves-on-pretzels canard. Let us not start
any subject unless we can take 1t far enough to Justify the
effort. Set theory, for example, hardly qualifies on 1ts own
merits; so let us teach it only as s tool and shy away from
rhapsodies on the uncountability of the real numbers."

It would thus seem that some aspects -of the so-called modern
approach have value, but one should take great pains to avoid
extremes,

ABSOLUTE  VALUES

J. Norman C. Sharp
Burnhambthorpe Colleglate Institute

1l. Introduction

There are many instances in methemstics in which scalar guanti-
ties are used. These guantities have magnitude and no direc-
tion. In calculation of some of these, the computation yields
a negabive result, or it may yield a positive result, although
our interpretation would be independent of sign. FExamples are
area, length, volume, displacement, etc. In some cases, we
have placed a plus or minus sign in front of the numeral with
instructions to use the sign which yields a positive result,

A neater way of expressing this is to use the absolute value
fx|, which is read as "the absolute value of x".

There are two definitions for IXI; either definition may be
used with the same result. These are:

(1) |x| is the greater of x and -x;
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() |x|'=x if x>0, and |x] = -x 1if x <oO.
For exemple, |3} =3 and |-3| = 3.

When considering_distance in a one-dimenslonal graph, we can
find two polnts such that Ixf = 2. These are the two points

Pl and P2 b ) .
2 1

5 2 0 1 2 3 1

whose distance from O is 2. With centre at O and radius 2,
the number line is cut in two places Pl and P2, that 1s,

et 2 and -2. Thus if |x| =2, then x =2 or -2, and
the solution is {2,-2}.

It |x[< 2, then with centre at O and any radius less than 2,
points are located on the number line. When we consider all
the radii less than 2, the set of points obtained consists of
all points lying between -2 and 2.

1 L (Y r——— )
LT3 2 1 0 12 5 2

This set is (xl - 2 < x% <2}, and is an abbreviation of

{x|x > -2 and x <2}, If Tx[f 2, there are two extra points

included in the set; +they are 2 and -2. Hence the set of

points satisfying the condition is (x|-2 < x < 2}, and is an

abbreviation of [(x|x » -2 and x <z, T 7

The next condltion is |x] > 2. The set of points satisfying
this condition would require centre at O and radius greater
than 2. These are represented on the following graph.

1 M 1 1 N M
-4 -3 -2 -1 0 +1 2 3 4 5

This set includes all points not between nor including £ and
-2, and 1s written

[x]x_> 2 or x <2}

The three cases conesldered here are :

[xl |x| =2 = [xlx =2 or x= -2}
[x| |x| <2} = {xl -2 < x < 2);
{x] |x| >2) = {x]x < -2 or x>2].

2. Solving Bguabtions and Inequalities
Involving Absolute Values

Example 1. Solve-for x: [x - 2] a5,
We find Xx=-2=25 or X = 2= -5
X =17 or x = =3.
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Example 2. Solve for x: |x - 2| < 5.
-5 < x-2 <5,
Hence 3 < x<T.
Example 3. Solve for x: |% - 2|.> 5.
XxX-22>25 or X -~ 2< =5
Hence x>T or x<-3,

Other eguations involving absolute values may be solved as
the following examples illustrate.

Exemple 4. |x - 3| = |3x + 7|
Hence ‘x -3 = 3x+Y7 or x-3 = -(3x+7T),
' 2x = -10 or ix = -4,
x = -5 or x = -l.

Substitution will show that -1 and -5 both satisfy the

original equation. _ -
An alternstive solution to Example 4 would bhe:

|x - 312 = |2x+ 7|5,

(x - 52 = (3x+7)%,

X2 4 6x +5 = o.
Hence 2 = =5 or x=-1.
Exemple 5. To solve |x - 3| < |3x + 7|, we must have a
positive number |5X + 7] grester than a positive number

This 18 equivalent to consldering wher (3x + 7) ise
(x - 3)2, since each of these squares 1s a posi-
tive number. The solution is found by solving the inequality

(3= + 7)2 > (x - 3)2, that is, (3x + 7)2 - (x—3)2
9x° 4 4Dx + 49 - x° + 6x - 9 > 0,
8x° + 48x + 40 > 0,
‘ x2 + 6x + 5> 0,
(x+ L¥(x + 5) > 0. .

Henece x must lie outside of the interval between -1 and -5,
that is, x< -5 or x> -1,

|x - SI.
greater than

> 0.

Hence

3, Absolute Values and Square Roots

A square root of a glven mumber is a number which, when sguared,
equals the glven number. Thus S 1s a square root of 25, since

5% = 25; also, -5 1is a square root of 25, since (-5)2 = 25,
By convention, we use the surd sign to denote the positive

sqQuare root only; thus = 5, and - = -5, Bince ve
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iEx

uge the positive square root, we must be consistent and write

2

X = |x|, realizing that X may be positive or negative.

Example 6. Jgé =T 4(p4)2'n 4,
. Bolve Jxe -2 4+ 1 = 5; write |x - l| = 5

then x-1 = 5 or x-1 = -5,
x = 6 or - -4,
The solution set is  {6,-4).
Example 8. To solve J%° - dx + 4 + Jax° - 125+ 9 = 10,
write |x -2] + ]2x - 3] = 10.

This equation is equivalent to four equations:

{1) (x-2) + (2x-3) = 10 {2) (x-2)-({2x-3) = 10
S3x-H = 10 =%+l = 10
3x = 15 : X = -9
x= 5
(3) ~(x-2)-(2x-3) = 10 {4) -(x-2)+(2x-3} = 10
«3x+5 = 10 x-1 = 10
=3x = 5 ®x =11
X = =3/3

There are four solutions to this eguation, namely, 5, -9,
-5/3, 11; these may be verified by substitution

4. Graphs Involving Absolute Values in fwo Dimensions
Some interesting graphs can be obtained in two dimensions.
Iixample 9. Draw the graph of y = le.

This means y must always be positive or zero; with this re-
striction the equation is equivalent to the two equations

y=x or y=-x ©Since y must be positive or zerc, the
graph is y =% for x>0 and y= -x for x <0 {(Figure 1).
y ¥
(0,4)
={x
=l -4
(¢,0)
o) X
X
0]
Figure 1 Figure 2
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Example 10. Draw the graph of |[x| + |y| = 4.

This 1s equlvalent to the four equations x + y = 4,
X-y=4, ~x+y=4, -x-y=4, However, |x| and
are never negabive; hence the maximum value for each is 4.
This means that -4 <x <4 and -4 <y < 4. With this re-

striction, the graphe of the four lines are cut off at (4,0),
(-4,0), (0,4), and {0,~4). See Figure 2. '

In mahy graphs there are points where abrupt changes take
place. These can be called geparation points. A few examples
will illustrate this.

[y

vl

Y

y=x-2|x|

(2,0)

Pligure 3. ' Figure 4,
Example 11. Draw the graph of y = x - 2|x]|.

The -separation point on this graph is x = 0. If x> 0,
then the equation is equivalent to y = -x. If x <0, then

the equation is equivalent to y = 3x. B8ee Figure 3.

Example 12. Draw the graph of y = |x2 -4

The separation points are at x =2 and x = -2. If x >z

or x < -2, then the equation is equivalent to y = x%- 4.

If -2 < x <2, then the equation is equivalent to y = 4 - x2.
SeeFigure 4.

Exemple 13, Draw the graph of y = |x| + Ix -1

The separation points are at -0 and 1; thus we consider
the dintervals 1<x, 0<x<1, x <0. The corresponding
eguations are

y=2¢x -1 1if 1< x,

y=1 if 0<x<1,
¥y=1-2x 1f x <0,
See Figure 5.
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y=|x|+|x-1]

Figure 5.
The use of ebsolute value is becoming more important . in

secondary school mathemétics, and practice in its use is
necessary for an understanding of its applications.

£
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ETRY SECIION

At the present time there seems to be an Incressing interect
in abstract art. We therefore feel thel we are privileged
to print this timely gem. of abstract poetry by Professor

K. D. Fryer. The poem 1s accompanled by six pages of inter-
pretive criticism, as well as twenty three footnotes; because
of exigencies of space, we are forced to omit the exriticism
and footnotes.
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NOTICE

Readers of the Ontaric Mathematics Gazette may be interested
in becoming members of the Canadisn Mathematical Congress.
Membership is only $3.00 per snnum, and entitles the member
to receive the Canadian Mathematicsal Bulletin. Detalls sbout
Joining the Canadlen Mathematical Congress can be obtained by
writing to

Professor W. L. G. Williams,
Canadian Mathematical Congress,
985 Sherbrooke Street West,
Montreal 2, P.Q.

PROBLEMS SUBMITTETD

Problem 1 (Mrs. Jean Leppard, Vaughan Road Collegiate Institute)

I should like to see a neat solution of a problem from the 1956
Problems paper: "If an ellipse rolls without slipping on another
ellipse of the same size so that the two ellipses touch at
corresponding points, prove that the locus of the focus of the
moving ellipse, is a circle with centre at one of the foci of
the fixed ellipse". I always feel a bit discursive when I
write down a scolution to this problem.

Problem 2 (Normen C(illespie, North Toronto Colleglate Tnatitute)

"A ray of light is sent through a small hole into a hollow
sphere where it is reflected in an equatorial plane. The
reflected rays are equal chords of the equatorial cirele, each
subtending an angle 9 at the centre of the eircle. What is
the condition satisfied by 6 if the ray eventuslly emerges
from the hole through which it entered?

Problem 3 (R.A.German, student, University of Waterloo)

A tower of height h stands on a level plane. At a point A,
the top of the tower subtends an angle @; at a point B,
which lies in a straight line with A and the foot of the
tower, an angle 2 is subtended at a point exactly h/f4 units
up the tower. Express AB in terms of @ and h.

Problem 4 (R.A.German, student, University of Waterloo)

Find the relation which must hold if, in an ellipse, the normal
at A (one end of the latus rectum) bisects the angle between
the latus rectum and the line Jjoining A +to the centre of the
ellipse.
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DR. JULIUS H. HLAVATY

Director of the Commission on the Mathematics Programme of

" The College Entrance Exemination Board, who will address the
Baster Meeting of the Ontario Educational Association.
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BALANCING CHEMICAL BEQUATIONS

Students who take both Algebra and Chemistry can be interested
in the use of systems of algebrailc equations to balance chemi-
cal equations, this avoids the oxidsbion-reductlon technigue
used 1n first-year university.

Example 1. Ferric chloride and sulphuric acid react to give
ferric sulphste and hydrogen chloride; balance the equation.
Using P, 4, r, 8 as unknown integers, we write

> N
p FeCl, -+ a H,S0, T Feg(so4 5+ S HC1

Comparing the smounts of Fe present on the left and right of
the equation, we get p = Pr. Altogether, we get the equations

(1) p=2r (from Fe) (2) 3p =38 (Ffrom Cl)
{3) 29 =8 (from H) {4) q = 3r (from §)
(5) 4q = 12r (from O)
These are easlly reduced to
s = 24 = br (from 3 snd 4)
8 = 3p = 6b6r (from 1 and 2),

Since the solution must be integral, and is determined only up
to proportionality, we may take r = 1; then s =6, p = 2,

q = 3. .
This exemple has been rather simple, but the method shows to
great advantage on more complex problems. Try it on

Example 2.  p HESO4 + g HI > HES + 8 I2 + t H20

Example 3, p Cu+ g HNO,, > Cu(N05 o+t 8 NO+E H,0

Exemple 4. p I Cl+ g KM 0, —> r Cl, + s M CL, + % K C1 j
' +u H,0 '

Example 5. p K MnO4 + g 02H204 —> T Mn SO4 + s_CO2

+t K2804 +u H20

Example 6, . p Na Cl + g KMnO4 + H2804———%> s 012

+ t Mn SO4 +u Nag SO4 + v KQSO4 + W H20

What did the ocean say to the beach?
Nothing; it only waved,
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