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Sessions Goals

During this session, participants will become
familiar with complexity theory notions in
relation to:
• the structure of mathematics knowledge  

(recursive elaboration)
• the nature of mathematics knowledge production 

within problem solving contexts using bansho  
(teacher as consciousness of the collective)

• the design principles of mathematics teaching and  
learning (conditions of a complex learning system)
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Teacher as Consciousness of the Collective
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3 butterflies landed on a bush. 
4 more butterflies came. 
Then 8 more butterflies 
came.
•How many butterflies             
are on the bush?  

•Show at least two different 
solutions.

Let’s Do Math - Butterfly Problem

Different solutions to a problem as a recursive elaboration
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Butterfly Problem – Range of Responses 
3+4+8  (Addition of 3 Addends)
1.

 
Counting by 1s  (counting 
“literally”

 
by representations of 

butterflies in problem)
2.

 
Counting on from the first 
number (3)

3.

 
Adding numbers two at a time 

4.

 
Counting on from the first sum 
(3+4=7)

5.

 
Counting on from the larger 
number (8)

6.

 
Decomposing to make 5s and 
10s (e.g., (7 + 3) + 5)

•

 
Regrouping to same number 
(3+4+4+4)

•

 
Regrouping to 3s 
(3+3+3+3+3+3) –

 
groups 

of, skip counting on NL
•

 
Regrouping to 5s (5+5+5) –

 groups of, skip counting on NL
•

 
Doubles plus one
(7+7+1)

11.

 
Doubles subtract one (8+8-1)
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Let’s Do Math as a Teacher!

•
 

Pick a number.
•

 
Double it.

•
 

Add 6.
•

 
Double again.

•
 

Subtract 4.
•

 
Divide by 4.

•
 

Subtract 2.
•

 
What’s your final number?

13 Why did you 
end up with 
that number?  

How does it 
work?

?

26

32

Problem design as a recursive elaboration
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What Does It Look Like Algebraically?

X2 + 62 (             ) - 4_____________   
4

(                             ) - 2

Pick a number, double it, add 6, double again, 
subtract 4, divide by 4, and subtract 2.

Problem design as a recursive elaboration

= X
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Let’s Do Math - Legs Problem

There are 44 legs in the room. People are sitting on 
stools around one table with no empty stools. One
stool has 3 legs. One table has 4 legs.
a) How many people are around the table?
b) Show 2 different solutions.
c) How does the range of solutions

show the relationship between
arithmetic and algebra?

Arithmetic to algebra as a recursive elaboration
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Leg Problem - A Range of Solutions
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Legs Problem- A Range of Solutions 
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Legs Problem- A Range of Solutions 
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Legs Problem- A Range of Solutions 
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Legs Problem- A Range of Solutions
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Legs Problem- A Range of Solutions
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Legs Problems 
- Bansho Reinvented for “Ontario” classrooms
•

 
a mathematics instructional strategy

 
that provokes students’

 mathematical thinking to be explicit when solving problems 
through the organization and annotation of student work 
samples and classroom discourse

•
 

a classroom artefact
 

produced collectively by students and 
teacher that publicly displays the mathematical relationship 
among students’

 
solutions; could be used as a mathematics 

landscape for learning or as a mathematics anchor chart
•

 
a professional learning strategy

 
that develops teacher’s 

knowledge of mathematics for teaching
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Conditions of a Complex Learning System
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Multiplication as a Recursive Elaboration
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A Recursive Elaboration …
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What Different Ways Could 49 x 25 = ?             
Be Re-presented?  Recursive Elaboration

Compensate
49 -> 50 
50 x 25 = 5 x 25 x 10 
So, 5 x 25

 
= 125

and 125 x 10 = 1250
1250 -

 
25 = 1225

Decompose
49 x 25    => 40 x 20 =  800

=>   9 x 20 =  180
=> 40 x   5 =  200
=>   9 x   5 =  45

1225

Using Coins -
 

Quarters
4 x 25¢ = 100¢
10 x 100¢ = 1000¢
9 x 25¢ = 8 x 25¢ + 1 x 25¢

= (4x25¢x2)+25¢ = 225¢
1000¢ + 225¢ = 1225¢

So, 40 x 25¢= 1000¢
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What Does It Look Like?  
Whole Numbers … 49 x 25 = ?

10 
+
10
+
5

40       +     9

+

5       200          45

20      800        180

10  +  10  +   10   +  10   +  9

800 + 180 + 200 + 45

= 1100 + 120 + 5 = 1225

100       100 100 100 90

100       100 100 100 90

50          50 50 50 45

Multiplicaton as a recursive elaboration
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What Does It Look Like? 
Decimals … 4.9 x 2.5 = ?

4     +     0.9

+

1   +   1   +   1  +   1  +  0.9

1
+
1
+ 
0.5

2 

0.5

8 + 1.8 + 2.0 + 0.45  

= 11 + 1.2 + 0.05 =  12.25 

8             1.8

2            0.45

1           1          1            1

1           1           1           1 

0.5        0.5 0.5 0.5 0.45

Multiplicaton as a recursive elaboration

0.9

0.9
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What Does It Look Like? 
Fractions … 4 9/10 x 2 5/10 = ?

4     +   9/10

+

1   +  1   +   1  +  1  + 9/10

1
+ 
1
+    

5/10

2

5/10

1          1              1            1         9/10

1           1             1             1         9/10

5/10     5/10 5/10 5/10

8 + 2(9/10) + 4(5/10) + 45/100
= 8 + 18/10 + 20/10 + 45/100
= 8 + 3 + 8/10 + 45/100 = 12 + 25/100

8          18/10

20/10      45/100

45/100

Multiplication as a recursive elaboration
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x   +   x   +   x   +   x   + 9 4x     +     9

+

5       20x         45

2x       8x2 18x

(4x + 9)(2x + 5) 
= 8x2 + 38x + 45 

What Does It Look Like? 
Algebraic (4x + 9) (2x + 5) = ?

x
+
x
+
5

X2            X2 X2 X2 9x

X2 X2 X2 X2 9x

5x          5x 5x 5x 45

Multiplicaton as a recursive elaboration
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Key Terms - Complex Learning Systems

•
 

Recursive elaboration
•

 
Internal diversity

•
 

Internal redundancy
•

 
Neighbour interactions

•
 

Decentralized control
•

 
Organized randomness

•
 

Liberating constraints
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