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We regularly use mathematics in our everyday life: from measuring distances, comparing prices,
estimating how many children and adults are on a class trip to interpreting percentages in
newspapers. What do these statements about everyday life have in common? Are any of these
statements equivalent by quantity?

»  Arecipe for orange juice calls for 3 cans of cold water for 1 can of frozen juice concentrate.
How many cans of cold water for 7 cans of frozen juice concentrate?

» Acertain shade of green paint requires 3 parts of blue paint for every 2 parts of yellow paint.
How could the shade of green paint be made darker?

*  You need 1 cup of rice for every 2 cups of water. How much water would you need if you
wanted to use 4 cups of rice?

* If 1 nickel makes 5 pennies, 2 nickels make 10 pennies, and 1 quarter makes 5 nickels, then
what different ways can 1 loonie or 100 cents be made?

* If4/4 time, 1 half note is for 2 beats, 2 half notes for 4 beats, how many beats are 8 quarter
notes?

+ If 1 cup of flour makes 4 servings, then how many servings are made with 8 cups of flour?

* Forone person, there is 1 mouth, 2 arms, and 10 fingers. Is it true that 5 people have 40
fingers?

In this issue, the Research Summary and reasoning tasks (with multiple solutions) focus on ratios

with different representations, including fraction notation, within real life contexts. Reasoning tasks
in this issue are designed for use with a three-part problem-solving lesson.
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RESEARCH SUMMARY — ABOUT FRACTIONS AND RATIOS

Aratio is a comparison of the size of one number to the size of another number. The numbers
compared in a ratio can be any quantities of a comparable kind, such as objects, persons, lengths,
or even cupfuls. A ratio is written as an ordered pair (a particular order) of numbers that expresses

a comparison between the numbers in the following forms: “a to b”, “a : b”, or sometimes
expressed as a quotient of the two quantities in a fractional form.

* ratio of oranges to applesis2:3or2to 3 ﬁ" g
» ratio of oranges to the total number of fruitis 2 : 5 or 2 to 5. 1"';3

2 y

3 @s many oranges as apples ‘__

. ]

2 . . o

* 5 of the pieces of fruit are oranges
-

Part-to-Whole Ratios

A ratio can compare a part to a whole, then the part-to-whole interpretation of fraction is being
used. For example, if there are 15 adults at a family party compared with a total of 21 people, we
can write this comparison using a ratio:

e 15to0 21 or 15: 21 which is equivalentto5to 7or5: 7
15_5

21 7

Part-to-Part Ratios

A ratio can compare two or more parts of a set
to other parts of a set; for example, 6 children
compared to 15 adults at the family party,
part-to-part ratio is 6 to 15 or 6 : 15 which

is equivalent to 2 : 5.

Ratio as a Quotient

More specifically, a ratio is a relationship between two numbers indicating how many times the first

number contains the second. Another way to think about a ratio is how many times bigger one

object is than another. For example, in a ratio of oranges to apples of 2 : 3, there are 2 as

3
many oranges as apples. In a ratio of children to adults of 6 : 15, there are %

or % as many children as adults.

Therefore, ratios and fractions do not have identical meanings. Fractions are ratios, but not all
ratios are fractions. If the two quantities have the same units, their ratio is a dimensionless
number. If the two quantities have different units, then the ratio is referred to as a rate (e.g.,
distance per time or km per hour).

Equivalent Ratios and Percents as a Special Ratio

Lemons | Oranges [ Lemons to Oranges Oranges to Lemons Lemons to Fruit
8 6 8:6 6:8 8:14
16 12 16:12(8:6)x2 12:16(6:8)x 2 16:28(8:14)x2
4 3 4:3(8:6)+2 3:4(6:8)+2 4:7(8:14) =2
% as many lemons as oranges % as many oranges as lemon ; as many lemons as fruit

Multiply all quantities in a ratio by the same number, so that the ratio maintains its proportionality.
The ratio of two quantities remains constant even as the corresponding values of the quantities
change. Equivalent ratios can be created by iterating and/or partitioning a composed unit. If one
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quantity in a ratio is multiplied or divided by a factor, then the other quantity must be multiplied or
divided by the same factor to maintain the proportional relationship. Furthermore, it is important to
be clear what is being compared to what. Consider the ratio table that describes comparisons
lemons, oranges and fruit.

PartA Part B PartC PartD A+B+C+D
5 9 4 2 5+9+4+2=20
06Bx2) | 18@x2) 8§@x2) 2x2) 40(20x2)
25(5x5) | 45(9x5) 20(4%5) 10(2x5) 100 (20X 5)
25 45 20 10 100

100 100 100 100 100

75% 5% 20% 0% 100%

In another example, for a mixture that contains substances A, B,Cand D intheratio5:9:4: 2,
there are 5 parts of A for every 9 parts of B, 4 parts of C and 2 parts of D. It is equivalent to the
ratio of 25 : 45 : 20 : 10. Using equivalent ratios, the special ratio, percent (quantity per hundred)
can be determined. See the ratio table above.

LINKS TO MANIPULATIVES: SQUARE TILES AND BAR
MODEL

The bar model, represents the relationship between known and unknown numerical quantities, as

rectangular “bars” to solve problems. Rectangles are used because they are easy to draw, divide,

represent larger numbers and show proportional relationships, and the rectangles enable students
to see number relationships.

A. There are 3/5 as many girls as boys in the grade 6 classes. If there are 60 boys, how many

girls are there?’
3/5 means a ratio of 3 : 5 (girls : boys) 5 square tiles (rectangle units) is 60 boys,
so 1 square tile (unit) is 12 boys.

girls (L T] Girls are 3 units x 12 girls = 36 girls

boys [T TTT]eo0

B. Kerry, Jon and Nick shared a sum of money in the ratio of 4 : 5 : 6. If Nick has $35.00 more
than Kerry, how much total money is shared by the three friends?

Kerry

Nick has $35 more than Kerry which is 2 square
tiles (2 units).
Joo [LTTT] total 1 unitis $35 +2 = $17.50.
money Total units =4 + 5 + 6 = 15 units
>

Nick 15 units x $17.50 = (14 + 1) x $17.50
(14 x $17.50) + $17.50 = 7x (2 x $17.50) + $17.50

=7x$35+ $17.50 = (6 x $30 + 1 x $35) + $17.50
$35 =$210 + $35 + $17.50 = $262.50

The friends share $262.50.
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Grade 7
-Solve problems involving
proporlions using concrete
materials, drawings and vanables

Grade @
-reprasent rafios found in real-ife contaxts,
using concrate matenals, drawings, and
etandard fractional notation

Grade 5
-describe multiplicative relationships
between quantfies by using simple
fractions and decimals

LES30ON LEARMNING GOALS
Klantily the curicalum expectalions [MOE, 2005) grade-balare and grade-aller ihe grade specilic learming goal, in order o

- gan the development of mathamatical knowledge, skills, and straiegins across grade lovels
= determine (b rmalhemalical feus of (ke problems chasen lor Bafare [actiwation), Dudng [selving prablam), ard Aller (Praclcse) parks of the lesson

' Ratio as Quotient - is about how many times bigger
| one object is fo another. For ratio 3:5, (Lisa:Luch)

i -Lisa gets 375 as many cards as Luch.

| -Luch gets 3/3 as many cards as Lisa

AFTER (Highlights/Summary) — 5 minutes

= Taacher and sudents revisit the student soutions for
ke idems, slrabepios. and models of reprasentation
that are related to the lesson learming geoal
[ardizipatad suzcess oritaria)

s Teacher lists key ideas, sirdegies, and models of
rapragantation so the students can see how ha
mathamabical detsds trom thalr solubions rekana
guplicitly b tha lasson karning goal; summary of co-
congtrictad BUccese crbtarks

" AFTER (Consclidation} - 20 to 25 minutas

s Tascher ealects 2 or more solubions for class analysis and
discussion in & sequenca (1%, 2, 37, ate.) based on
mathematical relalionships betseen the solulions and the
lesson lasrming goal.

* Sludants (euthors) explain and dscuss their solutiong with [
their clazssmates: co-construction of success criteria
towards 1he lesson learning gos

Three context prizes has a ratio of winnings for » During whole class discussion, sollions are organized

(oftan ra-orgenized) to shaw mathematical elsboration

for first:zecond:third iz 9:3:2. If third prize is o oo, 52 uioe 1o Bk et e Kowands leeaon Rarmiing

4 tickets to Jump Dome, then how many tickets goal.
Teachar mattematicaly ennatatas {math tarms, math

in total are given out for all three prizes?
9 f ” P symaoks, laballed diagrams., conciza axplanations] on and
around ealulions to make mathemalical ideas, sirategies,

and modals of rmprasantation explict,

BEFORE (Getting Started) - 5 to 10 minutes

s Aciivating students’ mathematical knowledpe and expedence using a
promgl of problam, refatad 1o the math in (b legeon problam.

= Inchides shudent responses b Righlight deas snd srateges.

Contest Prizes Problem

| Ratio as Fraction (Fart- Whole

' Ratie)- compares a part to a whole, | o
Ratio 3:5 is 3 cards for Lisa and 5 : H'ghl Ighfsfsummlﬂﬁf

o cards for Luch; total cards is 8 v A RATIO is the comparisen between two

E -Lisa cargs -+ 378 of 32 total cards . numbers. I't can be part-part (Lisaluch) and|

-Luch cards -» 5/8 of 32 fotal cards part-whole (Lisatotal cards)

* Teacher chooses 2 or 3 problems. similar to the lesaon
prodiesm for student 1o sobe In pairs 88 & scafold and
ircdividually

! [ Problesms could vary by number (choics, size], problem

I' contests, of what ks unknown o needs to be solved
P + Studerts are askad o solve Hesa prablams using a
Solution 4 : sirateqy dffereni fram the one they sed for the lessan

The ratic 3:5 means 3 prodilem,

cards for Lisa, 5 cards for
Luch and & total cards,

and 5 cards to Luch in a set of cords) ! R'Efseqlu."mfmr to 6:10 (3x2:5x2)

for all three prizes
! - - 3:8 is equivalent to 12:20 (3x4:5x4)
[]

Splution I . | Ratio 9:3:2 |

i | = . = 1} I I 1
A4 (37, 3::':2‘_'5'::]"_]3”'1 SH2=18 (1) | says the : et it Determine guantities of whole number
= 4+6+18 = 28; 248 tickets for Jump ' number af , , ratios by:

i - 1 1 -
Dome ara given out altogathar. | ticket s then | Equivalent Ratios ' I _Erm‘é,r{f and aistributing
| if the 3™ T Ratie —comoarisan of B om more cuaniitios | -multiply all guantities in a ratio by the . (343) +{345) + [3+3) #(343)
' prize is dor atio -comparigon of £ or more guanfities game number , ' - ::ampﬂfmg; J‘hflmr;nﬁumrg [iu; ;:

- [t oy H i = 2 & i - - _ : I = . ;: - A |
Solution 2 | 'double 2, then | | Part to Part Ratie -comparison of Zor | ratic maintains its proportionality. ! ’ - prtwhole ;?:Q[{F tion fx ! hol
=14 x 2 =28 ' itis double 3 ' | more parts of a set to other parts of a | ratio of Z quantities remains constant | ' Gri-WHGIE Parios (fraction of a wieke)
28 lickels lor Jump Dome ane given oul : and double @ : - I_"jﬁlﬂ ratie is comparing 3 g:llr‘ds to Lisa E EVER '.E.ﬂ?e corresponding values arf the | ! WEx3I2=(32 - B)x3=dx3=12

| N : guantities chan E AFTER (Practice) - 5 to 10 minutes

1
i
i
]
i
I
T

DURING (Waorking on It) = 15 to 20 minutes H

= Understanding the proflem — Teacher agks, "What informaticn from the
prodlem are we using b salva it? Explain” Taachar recards inoa st 5ﬂfﬂfmn _i‘ Mﬂfﬂ'—ﬂﬂ E‘ I
From a pile of 32 In every unit of size Solution 3 '
I'he raho 3:5 means 3 hockey

belaw tha problem. the information tat students identify.
s Shudanls selva the problkam an chart papar I:IEHHEEEI:IEI:I with markers ,E 3 d l:] |
I L a cards pefong .
hockey cards give 3 to liza and 5 ran:l%g cards for Lisa and & hockey

{wisible for clags giscusson) in pairs or small groups.

anes [he leacher anlicipatad.

» Tagchar dreulabas 1o racord difterent siudent aplutions, in sddiion b2 e

Lisa and 3 to Luch
again and again until

belong fo Luch

Hockey Card Problem 1

did Luch and Lisa each get?

preblem?
= Lisa : Luch is a 3:5 ratio
= 32 hockey cards altogether

Lisa and Luch agreed that they would share any
hockey cards they get at a 3.5 ratio. Pat gave
them 32 hockey cards. How many hockey cards

What information are we going to use to solve the

- Numbers of cards Lisa and Luch each geft is unknown

lhere are no mare

cards loft 4 units of 8 hockey

cards makes 32 lotal

481+ (365)+ 48) hockey cards.
+ (305} = (3e3e343) + (3+h) x4 =12+20=
[5+5+545) = 12 + 20 = 32 32 hockey cards.

Lisa gets 12 cards and Lisa gats 17 cards and

Luch gets 20 cards, N
which latals 32 hackay !ﬁﬁgﬁi&;ﬂ?ﬁds_

&rouping and Composing the
Distributing Ratie Unit

cands for Luch, ;"

38 =% 308 of 32 cands -~

Usa_ | Luch FTotal Cords
13 ]5:: B
6110 |14
(9 |15 |24
c12 |30 |32

35 = B A0 32152
%6 = 12:20 {Ind) - (5]

Lisa gels 12 cards and Luch
gets 20 cands, which totals 32
hockey cards.

baraean them ¢
Liza:iotal cards is

= {32+ B)x3= 43 =12
cards

Luchitofal cardsis
S>> Hdofd2cards -,
“E2x B abh=dn =20

Lisa gets 12 hockey cards
and Luch gets 20 hockey
cards, which totals 32 cards.

Equivalent
Ratios

Part-Whole Ratio
Fraction of a Whole

Hockey Card Problem 2
Lisa and Luch share hockey cards at
a 5:7 ratio. With 60 cards, how many
did Luch ond Liza each get?

Solution 2
Lisa gets 512 of G0
> (B0 +12) x5=0x%5
Luch gets 7/12 of 60
= (60 +12) w7 =0xT
Lisa gets 25 cards
and Luch gets 35
cards and sums o
G0 cards,

Solution 1

Lintt a5 17 cards (5+7)
s 12 X H=h0

Lisa -= Sxh= 25 cands
Luch-= 725=30 cards
Lisa gets 25 cands and
Luch gets 35 cards
which sums to 60
hockey cands.

Mote: Mathamatical aanetations include mathematcal vocabulany, symbols, slaborations of mathematical details from solutions. labels
describing the methodistrategy and guestions to furdhar thinking. Al aemadafions am records of stedents” mathematical discussion.

A
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Equal Shmequal

LINKS TO LITERATURE:
The book, Equal Shmequal is written by Virginia L. Kroll.

What does it mean to be equal? Mouse and her friends want to play tug-of-war but they can’t
figure out how to make teams that are equal. After multiple attempts are made, they finally arrive at
a solution that makes both sides equal with the same number of animals, but there were other
attributes to consider, such as mass and size. They try dividing up by meat-eaters and plant-
eaters; then they try those that have fur versus those without fur. Neither of these solutions works.
Nothing works until Mouse starts thinking mathematically. Then they try three animals on each
side.

To make the balance equal, a set of ratios can be used to represent the number of animals. For
example, bear : wolves — 1 : 5; wolves : turtles — 2 : 4;

turtles : mice - 1:3
Given these ratios, what are the ratios for the following animals?

* wolves : mice
*  bear: turtles

*  mice : turtles

* bear: mice

LET’S DO MATH - JEREMIAH’S FAMILY: CHILDREN AND PETS

Before (Getting Started)
Represent a ratio in three or more ways. Explain how your models are the same and different.

Solution 1 Solution 2

| picked the ratio 4 : 1 :
F\.I:" cats :dogs=2:3 P 4 & *
E__JH_ w red apples : green =4 1 orT

There are 4 times as many red apples green.
- . I:l blue : total squares =2:3

: -4
almonds : cashews 1 ﬁ {
‘b even numbers : odd numbers 1

There are 2 as many cashews as almonds
=2:3
A Number of lines symmetry
1 and 3 are part : part ratios. square : kite = 4 ’

2 is a part to whole ratio.ratios.

A square has 4 times as many lines of symmetry as a kite.

During (Working On It)

In Jeremiah’s family, there are two children for every one pet. If there are 4 pets, how many
children are there?

After (Consolidation)
Anticipating Student Responses:

Solution 1 Solution 2 Solution 3
- | can show the children with C !
T w o , Children Pets
) E“"_— children : pet=2:1 and the pets with P. > 7
= 2 . cc:p=2 ) 2
- tt_ children : pets =4 : 2 3 3
AL
4
4 CCCC:PP=5% 8 4
& M . children:pets=6:3 2
t-ur_
i " 6
-iu R £ children : pets =8: 4 ceceee:Prp = 3 children : pets = 8 : 4
LR tr’ 8 If there are 4 pets, there must
CCCCCCCC : PPPP = Z be 8 children.
There are 8 children and 4 pets.
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Coordinating Discussion for Student Learning:
Why might solution 1 be chosen first for student discussion followed by solution 27?

Solution 1 — The solution shows images of the numbers of children and pets and the
corresponding ratios. Every time you add 2 children, the number of pets increases by 1. This
continues until there are 4 pets.

Solution 2 — This solution shows letters corresponding to the number of children and the number
of pets. When the first term is scaled up by 2, the second term is scaled up by 1. This can be seen
in the number of Cs and the number of Ps and in the fraction-representations of ratios.

Solution 3 — In the table of values, the step-by-step increases of children and pets can be clearly
seen row by row.

LET’S DO MATH — THE SOCCER TEAM

Before (Getting Started)
How can this illustration be said to show the ratio 3 : 5 and the fractions % and %’?

000 (OO

Solution 1 Solution 2

The ratio 3 : 5 shows part-to-part ratio of white balls : black balls. Solution 2

There are 8 balls altogether so black : white =3 :5
% represents 3 of the 8 balls are black black : total number of balls = 3 : 8
white : total number of balls =5 : 8
5 .
g represents 5 of the 8 balls are white We say % of the balls are black and % of the

) ) balls are white.
The fractions represent part-to-whole ratios.

During (Working On It) —

The City Soccer Team has a ratio of new to experienced players of 3 : 8. If the ratio for all the
teams in the league is consistent and there are 55 players altogether, how many would you expect
to be new players?

After (Consolidation)

Anticipating Student Responses:

Solution 1 Solution 2

new : experienced = 3 : 8 with a total of 11 new 3 6 9] 12115 [ 18
If the new total is 55, each term in the ratio needs to be experienced 8 | 16| 24| 32| 40| 48
scaled up by a factor of 5 because % =5. Total 22| 33] 44155 | 66

To preserve the ratio, | scaled up each term and the
total by 2, 3, 4, and 5 until | got 55 as the total.

Then | can tell that in 55 players 15 would be new
Of the 55 players, 15 would be new to the league. and 40 experienced players.

new : experienced =3x5:8x5=15:40

Coordinating Discussion for Student Learning:
Why might solution 2 be chosen first for student discussion followed by solution 1?

»  Solution 1 - This solution shows that by comparing the total for one team and the total for all
teams in the league you can conclude the factor of the ratio is 5. So, each term in the ratio is
multiplied by 5 to determine the results. The initial ratio of 3 : 8 is preserved in 15 : 40 and the
total number of players is 55.

» Solution 2 - In the ratio table, the part-to-part ratios and the parts-to-whole ratios are recorded
so the reaction of the numbers is clear. Each term is scaled up by the same factor each time.

OAME/AOEM ABACUS A JUNE 2017 74A



NEXT STEPS FOR YOUR PROFESSIONAL LEARNING

Application to Your Classroom

Consider how ratio reasoning tasks (e.g., part-part, part-whole) develop students’
understanding and use of methods of representing and comparing whole number and

fractional ratios.

To suit your students’ learning needs, select and design reasoning tasks that are relative to
grade specific curriculum expectations in the Number Sense and Numeration (e.g., whole
number and fractional ratios)

Practise noticing the different methods and the breadth of the mathematics your students use
to solve ratio reasoning tasks using equivalence.

Think ahead of the kinds of mathematical annotations you will record on and around the
student solutions to make explicit aspects of different methods for representing ratios using
different models, including fraction notation.

Suggested Readings

Some readings used in the Research Summary and in the development of the problems and
solutions are listed below.

Behr, M. J. & Post, T. R. (1988). Teaching rational number and decimal concepts. In T. R. Post
(Ed.), Teaching Mathematics in Grades K—8. Massachusetts: Allyn and Bacon.

Hunter, A., Bush, S., & Karp, K. (2014). Systematic interventions for teaching ratio.
Mathematics Teaching in the Middle School, 19(6), 360-367.

Hyde, A. (2009). Understanding middle school math. Portsmouth, NH: Heinemann.

Jane-Lo, J., Watanabe, T., & Cai, J. (2004). Developing ratio concepts: An Asian perspective.
Mathematics Teaching in the Middle School, 362-367.

Lamon, S. (2012). Teaching fractions and ratios for understanding. New York, Routledge.

Lobato, J., Ellis, A., Charles, R., & Zbiek, R. Sm. (2010). Ratios, proportions & proportional
reasoning, grades 6-8. Reston, VA: NCTM.

Neagoy, M. (2017). Unpacking fractions. Alexandria, VA: ASCD.

Rathouz, M., Cengiz, N., Krebs, A., & Rubenstein, R. (2014). Ratio relationships.
Mathematics. Teaching in the Middle School, 20(1), 38-45.

Reeder, S. (2007). Investigation with the golden ratio. Mathematics Teaching in the Middle
School, 13(3), 151-155.

Small, M. (2009). Big ideas from Dr. Small, Grades 4-8. Toronto, ON: Nelson

CLOSING

Our next issue will focus on division of whole numbers (with whole number and decimal number
quotients), decimal numbers and fractions with real world applications. As well, the next issue will
outline the ways that teachers need to know these notions for teaching, as well as, the ways that
teachers can use these mathematical ideas and pedagogical strategies within a problem solving-
based teaching and learning lesson framework.

CALL FOR
ABACUS
SUBMISSIONS

Send your teaching strategy ideas, problems and student solutions to the Abacus Co-Editors via email

As
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