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ABACUS CO-EDITORS

How are these problems similar and different?
a) A roll of ribbon is 21.6 m long. How many ribbon pieces, 

0.4 m long can be cut from the roll?
b) Alice travels by bus 2.5 km on Mondays, 3.6 km on Tuesdays, 

6.75 km on Thursdays and 12.8 km on Saturdays. What is the
average distance Alice travels each day? (nearest 0.01 of km)

c) Pine trees grow at a rate of 0.61 m per year. How many years,
would it take it to grow to about 18.3 m?

d) Store A sells 24 breakfast bars for $11.04. Store B sells 9
breakfast bars for $4.05. Which is the better buy?

e) The area of a rectangular garden is 6.72 m2. If one side length is
2.1 m, what is the length of the other side?

All problems have a decimal number dividend. The problems differ in
these ways: divisor and quotient is a whole or decimal number;
representations of decimal division: (a) quotative division; 
(b) partitive division; (c) multiplicative comparison – as many times as; 
(d) unit rate; (e) area and linear dimensions of a rectangle; (f) equivalent ratios.

In this issue, the Research Summary and contextual problems (solved with different methods)
focus on division of decimal numbers and equivalent ratios. Problems in this issue are designed
for use using a three-part problem-solving lesson.
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RESEARCH SUMMARY – DIVISION OF DECIMAL NUMBERS
AND EQUIVALENT RATIOS
How did you learn to divide decimal numbers by whole and decimal numbers?  Did you use these
popular division methods?  Did you learn why these methods work?  Skemp (1976) would say that
if students only know how to follow these decimal division steps, then they are developing a limited
understanding of decimal number division, instrumental understanding, without relational
understanding.  

To develop a relational understanding of decimal division, let’s identify the key mathematical
concepts, which are implicated in these decimal division explanations. 

“Divide the dividend by the divisor without the decimal points, then put the decimal places
back.” 
• This method is about partitioning a whole or dividend 

(6.6 or 66) into 6 equal groups (partitive division) or group 
sizes of 6 (quotative division). 

• The quantity 66 dividend is 66 ones or 66 tenths isn’t important
during the partitioning or grouping, however the final result
(quotient) must be adjusted according to the number unit 
(tenths or ones) of the quantity, 66.

• The mathematical explanation of this method using equivalent
expressions are:
(66 x 0.1) ÷ 6 = (66 ÷ 6) x 0.1 Æ 11 x 0.1 = 1.1 (11 tenths)

“Move the decimal point in the divisor all the way to the right and move the decimal point in
the dividend the same number of spaces as the divisor.” 
• Isn’t this procedure really about the idea of equivalent ratios?
• The quotient (result of division), 1.1 is the constant of proportionality for the ratios, 

6.6/6 = 6.6 ÷ 6 and 66/60 = 66 ÷ 60  
• The dividend, 6.6 is 1.1 times greater than 6  (6 x 1.1 = 6.6) . Similarly, the dividend, 

66 is 1.1 times greater than 60 (60 x 1.1 = 66)
• The mathematical explanation of this method using equivalent expressions are:

6.6/6 = 6.6/6 x(10/10) Æ (6.6 x 10) ÷ (6 x 10) = 66 ÷ 60 Æ 66 ÷ 60 = 1.1
To develop a conceptual understanding of decimal number division, students need to build a
complex web of connections to other topics in mathematics and to their lived experiences. As
division with decimals is introduced, conceptual understanding may be developed by setting up
conditions in the problem or in the class discussion where students draw from their understanding
of the structure of decimal numbers, conceptual models of division and its relationship to
multiplication and subtraction. 

Method 1 - Divide as Whole Numbers
• Divide the dividend by the divisor

without decimal points, 6.6/6 = 66/6
• Put the decimal places back; 6.6 has

one decimal place and 6 has no
decimal place.

• The quotient (the result of division),
11 is adjusted back to the original
dividend of 6.6, having one decimal
place, 1.1.

Method 2 - Move the Decimal Point
• Move the decimal point in the divisor to the

right (to make it a whole number).
• Move the decimal point in the dividend the

same number of spaces as the divisor
• Write the decimal point in the quotient directly

above the decimal point in the dividend.
• Divide as whole numbers. Add zeroes in the

dividend (after the decimal point) as they are
needed.
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If 1 rod = 1 one, and 
1 flat = 10 ones, then 
66 = 6 flats and 6 rods
If 1 rod = 1 tenth and 
1 flat = 10 tenths, then 
6.6 = 6 flats and 6 rods



Let’s examine the use of 2 different methods that show conceptual understanding of division with
decimal numbers and equivalent ratios. 

Tree Growth Problem - Pine trees grow at a rate of 0.61 metres per year.  How many years,
would it take it to grow to about 18.3 metres?

LINKS TO MANIPULATIVES – BAR MODEL AND AREA MODEL
Ribbon Problem - A roll of ribbon is 21.6 m long.  
How many ribbon pieces, 0.4 m long can be cut 
from the roll?

Patio Problem - The area of a rectangular patio is 6.72 m2.  
If one side length is 2.1 m, what is the length 
of the other side?

LINKS TO LITERATURE – MEGA FUNNY DIVISION STORIES
Using a children’s picture book for learning mathematics concepts provides a real life or situational
context for problems. There are numerous teacher resources that have brief story contexts that
can be used to develop decimal division problems. An example is Mega-Funny Division Stories by
Dan Greenberg.  
“As a child you loved it. You played in it. And then, somehow you became convinced that dirt was
BAD!  But it isn’t! Just read these words of support.  Fran-Swah LeVoo, Gourmet Cook:  Where I
come from, we make a delicious dish called Dirt Stew. Take 5.24 kg of dirt. Add 4.64 kg of sticks
and stones. Now cook for 14 hours or until the mixture turns an ugly mud color.  Divide the mixture
into 13 bowls. How many kilograms will each bowl contain?”
• Use the numbers from the stories or change them to suit the mathematics learning goals, in

terms of the size of the whole number and decimal number units (e.g., tenths, hundredths,
thousandths)

• Have the students create decimal number division expressions and create story contexts and
problems using different division representations: quotative division; partitive division;
multiplicative comparison - as many times as; unit rate; area and linear dimensions of a
rectangle; equivalent ratios.

Decimal Division as Equivalent Ratios

                                         0.61m x ___ = 18.3m
                                         61 m x 0.01 x ___ = 1 830 m x 0.01
                                            60 m x 30 x 0.01 = 1 830 m x 0.01

In 30 years, the tree could grow to 18.3 m.

Decimal Division as Partial Quotients 

(tree height)
                  0.61 x = 61 x x 0.01

                       = 1830 x 0.01 
(growth for every year)    
Tree will grow to 18.3 m in 30 years. 

30 30
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Decompose Dividend to Addends 
Æ Equivalent Ratios 

21.6 m ÷ 0.4 m  
= (21.6 m ÷ 0.4 m)  
= (21.6x10) m ÷ (0.4x10) m 
= 216 ÷ 4 
= (200 + 16) m ÷ 4 m 
= (200 m ÷4 m) + (16 m ÷4 m) 
= 50 + 4 = 54 ribbon pieces

Decompose Dividend 
Æ Partial Quotient 

     -6.30 21 x x 0.1 = 63 x 0.1
        .42
       -.42 21 x x 0.1 = 42 x 0.01

0
6.72 m2 ÷ 2.1 m = ( ) m 3 + 0.2

0.2

3

=0.61m
1year

18.3m
? year

0   
 

×
× =0.61m  30

1year  30
18.3m

30 years

2

)

  
 

2.1 6.72
3.2

4

)
−

0.61m 18.3 m
30 years

18.3 m
0
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LET’S DO MATH – TRAVEL TO THE AIRPORT
Before (Getting Started) 
Which is faster 460 km in 4 h or 454.4 km in 4.8 h?

During (Working On It) – TRAVEL TO THE AIRPORT
Jeremy is flying to Miami and found a cheap airline ticket but he’ll have to fly from Buffalo Airport.
The trip from Toronto to Buffalo is 185.6 km. One limo service advertises “Get there in 75 min.”
The bus line says the trip will take 2.5 h. Which service seems like the safer trip? 

After (Consolidation) 
Anticipating Student Responses: 

Coordinating Discussion for Student Learning:
Why might solution 1 be chosen first for student discussion followed by solution 2?
Solution 1 – uses estimates of rates (speed) for limo and bus travel for comparison
Solution 2 – calculates the rates using equivalent ratios

LET’S DO MATH – TRAVEL EXCHANGES 
Before (Getting Started) 
Jeremy returned from a trip to the United States with $20 USD in his pocket. He researched and
found the exchange rate was USD / CND = 1 / 0.80. Should he expect more or less money when
he takes $20 back to exchange it for CND money?

Solution 2 – Divide Distance by Time 
distance ÷ time Æ rate in km per h  

460/4 
= 460 ÷ 4 km /h  
= (400 + 60) ÷ 4 km/h 
= (400 ÷ 4) +(60 ÷ 4) 
= 100 + 15 =115 km /h 

460 km in 4 h is faster by about 20 km/h. 

Solution 1 – Estimate Unit Rate (per 1 hour) 
Estimate for 460 km in 4 h 

460 km in 4 h = 115 km in 1 h Æ 115 km /h 

460 km /4 in 4 h /4 Æ 460 ÷ 4 
= (400 + 40 + 20) ÷4 
= (400 ÷ 4) + (40 ÷ 4) + (20 ÷ 4)  
= 100+10+5 =115km in 1 h 

Estimate for 454.4 km in 4.8 h 

454.4 km in 4.8 h is about 450 km in 5 h Æ 90 km /h 
(450 ÷ 5 = 90) The answer will be a little greater than 90 km/h
because  450 < 454.4 and 5 > 4.8. So, 460 km in 4 h, is faster. 

Solution 2 

Rate of speed -> kilometres divided by time taken. 

Limo Service Bus Service 

18560 ÷125 = 148.48 km/h and 1856 ÷25 = 74.25 km/h 

Jeremy would be safer travelling by the bus service, that goes 
about 75 km/h because 148.48 km/h is going over the speed limit.

Solution 1

• 185.6 km in 1.25 h (75 min) seems
really fast

• 185.6 km in 2.5 h seems to be a safer
speed to travel

Check by estimating…

186km ÷ 1 =186 km > 185.6 km 
1 h < 1.25 h (75 min = 1.25 h) 

speed of bus < speed of limo 
but it is a reasonable speed and safe 
as it would be greater than 100 km/h

Solution 2 

If $USD are worth more than $CND, then he will get less for
his $20. 

So, for $20 USD he gets $16 CND. 

Solution 1 

I think he will get less money because the US
dollar is more valuable than the CND. 

? $CND = 0.8 x $20 USD = $16 CND 

He should get $16.00 CND for $20.00 USD.

= × =

  
 

454.4 km
4.8 h

454.4
4.8

10
10

4544 km
48 h

k

=

× =

  
 

kilometres
time taken

185.6 km
1.25 h

185.6
125

100
100

18560
125

k

= =

  
 

$USD
$CND

1
0.8

$20 USD
? $ CND

$

=

× =

  
 

kilometres
time taken

185.6 km
2.5 h

85.6
125

10
10

1856
25

x 20

x 10

x 2x 20

    USD          CND

    1.00           0.80

  10.00           8.00

  10.00         16.00



During (Working On It) – FLIGHT COSTS
Jeremy found online, a return ticket to Miami for $260 USD. He wonders how much more 
he would have to pay when paying in $CND. At that time, the exchange rate was posted as 
$CND/$USD =1.25 /1.00. How much would this ticket cost in $CND?

After (Consolidation) Anticipating Student Responses

Coordinating Discussion for Student Learning:
Why might solution 1 be chosen first for student discussion followed by solutions 2 and 3?
Solution 1 – double number line relates $USD to $CDN by a factor of 1.25
Solution 2 – incremental increase of $USD in relation to $CDN = $USD x 1.25 to show pairs of
equivalent ratios, starting at 1.25 : 1.00 to  $325CN : $260 USD 
Solution 3 – equivalent ratios of 1 : 1.25 = 260 : 260 x 1.25

Solution 3 

Compare using equivalent ratios. 

1 : 125 = 260 : 260 x 1.25  
for every $USD, it costs $1.25 CND 

$CND = 1.25 x 260 $USD 

The $260 USD ticket will cost  $325 CND. 

Solution 2 

Ratio table relates $CDN for $260 USD 

x 100
÷ 2
÷ 5
x 100 row
by 2
add 50 row
add 100 row

The $260 USD ticket will cost $325.00 CND.

Solution 1 

Line up two scales $125/$100 = $CND/$USD to see multiplicative relationship, 1 : 1.25 

$100 USD = $125 CDN 

$200 USD = $200 USD x 1.25 CDN/1 USD = $300 CDN  (1.25 x 200 = 200 + 100) 

$60 USD = $60 x 1.25 CDN/1 USD = $60 x 1.25 = (60+15) = $75CND  

So $260 USD = $125 CDN + $125 CDN + $75 CDN = $325 CDN 
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= =

  
 

$CND
$USD

1.25
1.00

? $ CND
$260 USD

  $CND        $USD
       1.25         1.00
   125.00     100.00
     62.50       50.00
     12.50       10.00
   250.00     200.00
   312.50     250.00
   325.00     260.00

}
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NEXT STEPS FOR YOUR PROFESSIONAL LEARNING
Application to Your Classroom
• Consider how decimal number division problems develop students’ understanding of the

relationship between a decimal number dividend and decimal number divisor that could result
in a whole or decimal number quotient.  

• Check that the Divisibility Rules for whole numbers are true with decimal numbers and explain
the  reasoning of each Divisibility Rule using decimal numbers.

• To suit your students’ learning needs, select and design decimal number division problems
that are relative to grade specific curriculum expectations in the Number Sense and
Numeration (e.g., grade 6 focuses on decimal number (to tenths) dividend and decimal
number to tenths, divisor, while grade 7 focuses on decimal number dividends (to
thousandths) and decimal number to hundredths, divisor.

• Design decimal number division problems that develop students’ experience with  different
applications in real life situations:  (a) quotative division; (b) partitive division; (c) multiplicative
comparison - as many times as; (d) unit rate; (e) area and linear dimensions of a rectangle; 
(f) equivalent ratios.

• Practise noticing the different division methods (decompose dividend, use equivalent ratios)
and models of representation (area model) that your students choose to use or not use to
solve these decimal number division problems.

• Think ahead of the kinds of mathematical annotations you will record on and around the
student solutions to make explicit the details of different models of decimal number division.

Suggested Readings
Some readings used in the Research Summary and in the development of the problems and
solutions are listed below.
Boerst, T. (2004). Division discussions: Bridging student and teaching thinking. Teaching Children Mathematics, 233-236.
Fosnot, C., & Dolk, M. (2000).  Young mathematicians at work: Multiplication and division. Portsmouth, NH: Heinemann.
Greenberg, D. (2002).  Mega-funny division stories. Toronto:  Scholastic Professional Books.
Hedges, M. Huinker, D., & Steinmyer, M. (2005). Unpacking division to build teachers’ mathematical knowledge. Teaching

Children Mathematics, 11(9), 478-483
Humphreys, C., & Parker, R. (2015). Making number talks matter: Developing mathematical practices and deepening

understanding, grades 4-10. Portland, ME: Steinhouse Publishers.
Jong, C., & Magruder, R. (2014) Beyond cookies: Understanding various division models. Teaching Children Mathematics,

20(6), 367-373.
Martin, J. (2009). The goal of long division. Teaching Children Mathematics, 482-487.
Miller, S. P., Stringfellow, J. L., Kaffar, B. J., Ferreira, D., & Manci, D. B. (2011). Developing computation competence among

students who struggle with mathematics. Teaching Exceptional Children, 44(2), 38-46. 
National Research Council. (2001).  Adding it up: Helping children learn mathematics.Washington: National Academy Press.
Okazaki, M., & Koyama, M. (2005). Characteristics of 5th graders’ logical development through learning division with

decimals. Educational Studies in Mathematics, 60, 217-251.
Ontario Ministry of Education. (2005). Ontario Curriculum, Mathematics, Grades 1 to 8. Toronto:  Queen’s Printer for Ontario.
Parker, T., & Baldridge, S. (2003). Elementary mathematics for teachers. USA: Sefton-Ash Publishing. 
Skemp, R. (1976, 2006). Relational understanding and instrumental understanding. Mathematics Teaching in the Middle

School, 12(2), 88–95. Originally published in Mathematics Teaching.
Small, M. (2009). Big ideas from Dr. Small, Grades 4-8. Toronto, ON:  Nelson
Small, M. (2009). Big ideas from Dr. Small, Grades K-3. Toronto, ON:  Nelson

CLOSING
Our next issue will focus on the division of fractions, as it relates to the quotative model of division
and the comparison of ratios and rates.  As well, the next issue will outline the ways that teachers
need to know these notions for teaching, as well as, the ways that teachers can use these
mathematical ideas and pedagogical strategies within a three-part problem-solving lesson design
framework.

Send your teaching strategy ideas, problems and student solutions to the Abacus Co-Editors via email 

kathkubo@rogers.com or  maryloukestell@gmail.com
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