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ABACUS CO-EDITORS

In our daily life, there are many occasions for which we make qualitative and

quantitative comparisons in order to arrive at conclusions and to make

decisions. Consider these three different cell phone plans. 

• What comparisons could be made? (e.g., qualitative -unlimited

messaging, voice mail, call display; quantitative -activation fee, cost per

month, cost of cell phone, amount of data)

• Which combinations of comparisons are most compelling? (cost only;

cost and wireless features)

In this issue, the Research Summary and contextual problems (solved with different methods and

models of representation) focus on absolute and relative comparisons of whole and decimal

numbers using different and equivalent number forms within problem solving contexts. The

problems and reasoning tasks in this issue are designed for use within a three-part problem-

solving lesson and/or as ten-minute mini-lessons.

Cell Phone Plan A

• $60 per month

• 2-year plan

• unlimited minutes

• unlimited messaging (text

and picture), call display,

call waiting

• data 1 GB

• activation fee $15 

• cell phone $590

Cell Phone Plan B

• $115 per month

• 2-year plan

• unlimited Canada-wide

and U.S. calling

• unlimited texting and

video, caller ID, voicemail

• data 1 GB

• activation fee $25

• cell phone $419.99

Cell Phone Plan C

• $120 per month

• 2-year plan

• unlimited Canada-wide

calling

• unlimited texting, picture

and video, call display,

voicemail, call waiting

• 2 500 call forwarding

minutes

• data 1 GB + bonus 1 GB

• activation fee $25

• cell phone (32 GB) $199

mailto:maryloukestell@gmail.com
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RESEARCH SUMMARY – COMPARISONS IN NUMBER SENSE
AND NUMERATION

The purpose of comparing two or more quantities is to determine the relationship between them.

Two or more quantities could be equivalent (=). One quantity could be greater than (>) or less than

(<) another quantity. Some generalizations for comparing numbers include:

• the greater the number of digits in a whole number, the greater is a whole number

• the greater the number of digits in a decimal number, the lesser is a decimal number

• if two whole numbers have the same number of digits, then the whole number with the greater

digit for the greater number unit is the greater whole number.

Numbers are associated with units, such as object units (e.g., marbles, people), number units

(e.g., thousands, ones, hundredths, thirds), measurement (length, area, temperature). To compare

two or more numbers, their units must be the same. The selection of a unit makes it possible to

use numbers in comparing quantities. For number comparisons, the units of objects (e.g., marbles,

game cards) and number units (e.g., thousands, tens, hundredths) must be the same.

These relations may be expressed as either absolute or relative differences.

Absolute Number Comparisons

The absolute difference comparison determines how close two number values are to each other.

Basic comparison models focus on “more than” and “less than” models.

An absolute difference of two quantities implies the use of the subtraction operation. Carpenter et.

al. (2015) identified three types of comparison problems:

• compare difference unknown Æ (28 – 15 = ; = 13)

Jan has 15 green marbles and 28 brown marbles. How many more brown marbles than green

marbles does Jan have? 

• compare quantity unknown Æ (15 + 13 = ; = 28) 

Jan has 15 green marbles and some brown marbles. She has 13 more brown marbles than

green ones. How many brown marbles does Jan have?

• compare referent unknown Æ (28 – 13 = ; = 15) 

Jan has 28 brown marbles. She has 13 more brown marbles than green ones. How many

brown marbles does Jan have? 

These are examples of two types of reasoning. The first uses absolute comparison, which refers to

a quantity by itself, without respect to its relation to other quantities. In contrast, the second uses

relative comparison, which compares that quantity to the originals to see how they relate to one

another. An absolute difference is a subtraction; a relative difference is multiplicative or a ratio. 

Variations of "More Than" Model

___ more than 18 is 21

3 more than ___ is 21

___ is 3 more than 18

18 is 3 less than ___

21 is ___ than 18

Variations of “Less Than” Model

___ less than 18 is 13

5 less than ___ is 13

___ is 5 less than 18

13 is 5 less than ___

13 is ___ less than 18

How are the equations different? 4 is 2 more than 2. 4 is 2 times as many as 2.
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Relative Number Comparisons

Relative change and relative difference are used to compare two quantities while taking into

account the quantity of the things being compared; that is the multiplicative relationship between

two quantities. Relative or multiplicative comparison problems involve a comparison of two

numbers in which one is described as a multiple of the other or how many times larger one

number is than the other number. The number quantifying this relationship is not an identifiable

quantity Therefore, a relative comparison is expressed as a ratio and is a unitless number.

What could the equation or description be for this bar model showing a relative comparison of

cards?

• Kathy has 3 times as many cards as Nancy

and together they have 20 cards.

• 20 = (3 times as many as 5) + 5 

• 4 x n = 20, so n = 5

• 15 cards : 5 cards  (part-part ratio) 

• 15 cards : 20 cards, 5 cards: 20 cards (part-

whole ratio)

Therefore, the comparison is based on one set being a particular multiplier of the other. The

underlying question for multiplicative comparison problems is what factor would multiply one

quantity in order to result in the other. A ratio is a numerical comparison of 2 or more quantities in

the same units, which indicates their relative sizes. In a ratio of two numbers, the first value is

termed the ancedent and the second number is the consequent.

LINKS TO MANIPULATIVES – NUMBER LINE BALANCE
SCALE

When students compare numbers, a number

line balance scale can be used to test and

prove their hypotheses. For example, 4 and 2

is “equal” to 6. 

By comparing numbers on the left and right

of the balance fulcrum, students can prove

whether number equations are true

(expressions are equal) or false (expressions

are not equal). 

True or False?

9 + 7 + 4 = 3 + 5 + 6 + 7

Identify number equivalences.

9 = 6 + 3; 7 = 7 and the remaining

Number comparison is 4 < 5 

So, 9 + 7 + 4 = 3 + 5 + 6 7 is false and 

9 + 7 + 4 < 3 + 5 + 6 + 7, so the right side 

is heavier.
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LINKS TO LITERATURE – JUST A LITTLE BIT BY ANN
TOMPERT

Elephant climbed up on one side of a see saw and mouse climbed on the other side. Elephant

plunged to the ground as Mouse flew into the air. There was no balance! One by one their friends,

like giraffe, zebra and lion climbed onto Mouse’s side of the see saw, and they push down as hard

as they can to get Elephant off the ground. Just as they’re about to give up, a small brown beetle

flies down from the sky and perches atop Mouse’s nose, adding the needed weight to move that

see saw. 

What mathematics could explain this situation? 

• If the relative size of each animal is identified in relation to the elephant and other animals,

then a numeric comparative explanation of the elephant to the other animals can be made.

• If the absolute size of each animal is identified, then the sum of each animal’s mass can be

compared to the mass of the elephant.

LET’S DO MATH – COMPARING GAME POINTS

Before (Getting Started) – Problem 1

Joe and Joan picked 3 cards each and recorded their

points on a number line balance scale. 

Why is the scale not balanced?

During (Working On It) –Comparing Game Points Problem 2

If these game points were recorded on a balance scale, would the scale be balanced?   

                            Joe’s cards                                                               Joan’s cards

After (Consolidation) 

Anticipating Student Responses: 

Coordinating Discussion for Student Learning:
Why might solution 1 be chosen first for student discussion followed by solution 2?

• Solution 1 –get sum of 2 addition expressions are compared (operational thinking)

• Solution 2 – comparing each number for equivalence or inequality (comparative thinking)

Solution 1

Left Æ 2 and on the right Æ 2, so balanced or equal.

Left Æ 6 + 4 = 10 and on the right, 4 + 5 = 9.

Left side is 1 greater than the right side.

Joe has 1 more point, so the scale is not balanced.

Solution 2

Left side total = 6 + 4 + 2 = 12 points

Right side total = 2 + 4 + 5 = 11 points

12 > 11 so the left side is 1 point greater than the right

side and so it is heavier; so the scale is not balanced.

Solution 1 – Comparing Sums

Joe’s total = 5 + 35 + 25 + 10 = 75

Joan’s total = 30 + 15 + 25 + 5 = 75

Their scores are the same. If the points were

recorded on the balance scale, the scale would be

balanced.

Solution 2 – Comparing

Same/Different

5 = 5 and 35 > 30, 25 = 25 and 10 < 15

5 = 5 (5 more for left side, 5 more for right side)

The scale will be balanced.

5 35 25 10 15 25 530



LET’S DO MATH – RUNNERS’ TIMES

Before (Getting Started) – Runners’ Times Problem 1

Eight runners (A to H) are ready to compete in a 400 m relay race. 

Here are their times for 100 m runs.

Who are the four fastest runners?

During (Working On It) -Making Two Competitive Teams Problem 2

How would you sort the 8 runners into two teams for the Track and Field meet?

After (Consolidation) 

Anticipating Student Responses

Coordinating Discussion for Student Learning:
Why might solution 1 be chosen first, then solutions 2 and 3 for student discussion?

• Solution 1 - comparing by unequal (fastest and slowest) running times to maximize the

difference in running times

• Solution 2 - comparing by creating running teams with about equal running times to minimize

the difference in running times

A      10.44 m/s         E        8.895 m/s

B        8.82 m/s         F            9.5 m/s

C            9 m/s         G       10.74 m/s

D         9.8 m/s         H      10.063 m/s

Solution 2 -

• Ignore the times with 10 m/s or more.

Consider 8.82, 9, 9.8, 8.895, 9.5 m/s.

• The two fastest are 8.820 and 8.895 m/s

• The next two fastest are 9.0 and 9.5 m/s

B, E, C, and F are the four fastest runners.

Solution 1 -

• The fastest times are the lower numbers with 8 m/s and

9 m/s as the leading digit. B 8.82, C 9, D 9.8, E 8.895,

F 9.5.

• Write each number to nearest thousandths B 8.820, 

C 9.000, D 9.800, E 8.895 and F 9.500 m/s

• In order from least to greatest m/s B 8.820, E 8.895, 

C 9.000 and F 9.500

B, C, E, and F are the fastest runners.

Solution 2 -

I would put the 2 fastest on Team 1 and the next two fastest

on Team 2. Then I’d put the 4th and 5th runners on Team 1

and the 5th and 6th on Team 2.

Team 1: 8.820 + 8.895 + 10.063 + 9.800 = 36.958 m/s

Team 2: 9.00 + 9.500 + 10.440 + 10.740 = 39.68 m/s

This makes two teams with a difference of only 

2.722 m/s in their running rates.

Team 1: B, C, A, and D 

Team 2: E, F, G, and H

Solution 1

The fastest runners’ total times Æ
8.820 + 8.895 + 9.00 + 9.500 = 36.215 m/s

The slower runners’ total times Æ
10.440 + 10.740 + 10.063 + 9.800 = 41.043 m/s

Two teams with a difference of 5 m/s in running

rates.

Team 1: B, C, E, and F

Team 2: A, D, G, and H
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NEXT STEPS FOR YOUR PROFESSIONAL LEARNING

Application to Your Classroom

• Consider how number comparison problems develop students’ understanding of the

relationship between the quantity of same units. In this issue, same units included object

units, number units (e.g., hundred thousands, ten, thousandths).

• To suit your students’ learning needs, select and/or design number comparison problems or

reasoning tasks that based on grade specific curriculum expectations in the strand, Number

Sense and Numeration. In order to design developmentally appropriate and challenge

learning tasks, consult mathematics learning trajectories for number comparison concepts,

such as the Ontario number sense and numeration curriculum expectations across the grade

and published mathematics learning trajectories (e.g., Carpenter et al, 2015).

• Design absolute and relative number comparison problems and reasoning tasks that develop

students’ experience with different applications in real life situations, such as explaining

• Practise noticing the different comparison methods (operational thinking, comparative thinking

by individual and combined units) and using related mathematical language that your students

and you use to explain the comparisons (equivalent, greater than, less than, double, triple,

halve). Consider the mathematical reasons why your students choose to use or not these

different comparison methods to solve these problems. Is the mathematics inherent in the

problems related to previously experienced and/or learned mathematics or is it not within their

realm of experience?

• Think ahead of the kinds of mathematical annotations you will record on and around the

student solutions to make explicit the details of different methods for absolute and relative

number comparisons.

SUGGESTED READINGS

Some readings used in the Research Summary and in the development of the problems and

solutions are listed below.

• Ban Har, Yeap. (2010). Bar modelling: A problem-solving tool. Singapore: Marshall Cavendish Education.
• Carpenter, T.P., Fennema, E., Franke, M.L., Levi, L., and Empson, S.B. (2015). Children’s mathematics:

Cognitively guided instruction, 2e. Portsmouth, NH: Heineman.
• Carpenter, T.P., Franke, M. L. and Levi, L. (2003). Thinking mathematically: Integrating arithmetic and algebra in

elementary school. 
• Ontario Ministry of Education. (2005). Ontario Curriculum, Mathematics, Grades 1 to 8. Toronto: Queen’s Printer

for Ontario.
• Small, Marian. (2015). Building proportional reasoning: Across grades and math strands, K-8. Toronto: Nelson

Education.
• Small, Marian. (2010). Big ideas from Dr. Small: Grades K-3. Toronto: Nelson Education.
• Small, Marian. (2010). Big ideas from Dr. Small: Grades 4-8. Toronto: Nelson Education.

CLOSING

Our next issue series will focus on absolute and relative comparisons in measurement. As well,

the next issue will outline the ways that teachers need to know these notions for teaching, as well

as, the ways that teachers can use these mathematical ideas and pedagogical strategies within a

three-part problem-solving lesson design framework.

Send your teaching strategy ideas, problems and student solutions to the Abacus Co-Editors via email 

kathkubo@rogers.com or  maryloukestell@gmail.com

CALL FOR 

ABACUS
SUBMISSIONS
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