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DITORIAL

I'm in teacher heaven.

In'my Math Modelling course, we were working on ordinary
annuities: drawing a time sequence diagram, setting up the
corresponding geometric series and then number crunching
using Sum = A(" - 1)/(r - 1)). How much will we have after
twenty years? How much did we invest? How much interest
will we have earned? The usual stuff.

| distributed a two part assignment. The first part had several
ordinary annuity questions with the final answers supplied. The
second part, which | emphatically stated was homework for the
next class, consisted of present value of an annuity questions,
again with answers supplied. Trust me, | made this clear.
Today’s homework consisted of part 1 only.

The next class, we developed the method for the present value
of an annuity. (For example, “How much would that car have
cost, if we paid cash?”) The use of the geometric series sum
formula here is a little more difficult: it's not quite as easy to
identify A, r, and n. But we persevered through a couple of
examples, and most students became comfortable with the
process.

Not Shannon. She raised her hand and said, “Jack, | didn’t use
your method at all. | did these questions after last class using
the old method.”

“Well, gee, Shannon,” | replied, “I admire your initiative working
ahead like that, but that method just won't work here.”

“Yes, but Jack, | got all your answers!”

“Uh, right, class is about over. Lunchtime, everybody.
Shannon, leave me your solutions and I'll try to figure out how
you got the right answers using the wrong method.”

Well, Shannon was absolutely right. And very clever. [I'll tell
you what she did in the next issue. For now, though, I'm just
basking in teacher heaven. Shannon did more than she was
asked to do—great motivation. And she modified existing tools
to solve a new problem-—great insight. Terrific, Shannon.

Just in on email: “Dear Colleague: | just left a lecture by John
Coates at the Newton Institute at Cambridge University. He
announced that the proof of Andrew Wiles has a problem and
that Fermat’s Theorem remains unproved. Cordial regards,
Pablo Ferrari”

Good, there’s still hope that | can be the first to crack it. Do you
think my chances are more than marginal? Maybe I'll give it to
Shannon!

On behalf of all those who help to prepare the Ontario
Mathematics Gazette, | wish you a safe and happy holiday

season.
acte.
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& LETTERS TO THE
EDITOR

Dear Editor

On the inside cover page of the OAME Gazette, | have
noted that photocopies of OAME journal material for use
other than those indicated must be reported to OAME.

As the Junior Division Consultant for our Board of
Education, | produce a newsletter each term. | wish to report
that in this term’s newsletter, | have included three pages
from the September ABACUS—pages 2, 3 and 6. These
ideas for the integration of design and technology into
mathematics programs will no doubt be of assistance to our
teachers but will also draw their attention to the ABACUS
publication.

| trust that this reproduction of OAME material will meet with
the approval of the Association.

Yours truly,
Ann Larsen
Junior Consultant

Editor’s Reply

This feedback to OAME via the Gazette is important. It
provides evidence that the material is useful to our
readership. For me personally, it's a pleasure to tell a
contributor his/her material has found an audience!

Editor’s Note:

The following letter from Gail Rappolt was addressed to the
EXECUTIVE AND COUNCIL OF THE ONTARIO
ASSOCIATION FOR MATHEMATICS EDUCATORS. The
Executive asked that it be reprinted here.

August 25, 1993
Dear Member:

On behalf of the Ministry of Education and Training | would
like to extend my sincere appreciation to your presidents,
executive and council for your involvement and support of
the development of provincial standards (benchmarks) over
the last two years. From the outset you were positive,
helpful, and constructive in your criticism. You have used
meeting time to listen to explanations, supported the project
financially by funding expenses for writing teams, as well as
providing much needed moral support for the project.

Some of you worked on revisions through the spring of 1992
and responded to the validation draft in the fall through your
boards and associations. Many of you used the validation
process as a teaching tool in your own schools - and at the
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same time provided valuable feedback for the revision
process. Some of you have contributed to the project as
team leaders, as part of the validation/revision and as part
of the summer rewrite in 1993. In addition, you have
provided teachers for writing teams and given up evenings
and weekends to meet our deadlines. A special thank you
for allowing the Ministry to use sections from the Focus on
Renewal document. Congratulations too, on the wonderful
conference in Windsor last spring!!

The team this summer, under Judy Crompton’s competent
leadership - and it truly has been “leadership” - has taken
another giant step for the province. | hope you feel, as | do,
that the new format and the inclusion of sections from the
Focus on Renewal document strengthen the standards,
while maintairing their philosophy and principles. It is my
hope that the standards as produced will be another step
toward a deeper understanding of mathematics and
increased mathematical competence for Ontario students.

I have mentioned many times the support and
understanding of both presidents, Anne and Jeri - but it
deserves to be mentioned again!! They have been patient
with deadlines, tolerant of innumerable changes and
constructive in their criticisms. Best wishes to Ron
Lancaster, your new president, and to all of you in your
endeavours with your organization this year.

Sincerely,

Gail Rappolt

Field Co-ordinator

Provincial Benchmarks Project
Learning Assessments Branch




RON LANCASTER

Several weeks ago | spoke with
several angry parents whose daughters |
taught last year. They were in my
calculus class and they are now both
taking a first year calculus course at the
same university in Ontario. The parents
were angry because the professor had
indicated to their daughters on the first
day of classes that calculators could not be used at any time
in the course. Both of these parents use mathematics in
their professional work and they were shocked to find that
this professor was not making use of technology. Both
parents felt that this professor was probably teaching the
exact same calculus course that they took 25 years ago.
This may or may not be the case but | found it frustrating to
see that my students were not able make use of many of
the things that | had taught them. We had used a graphics
calculator throughout the year to carry out explorations and

to verify results that we had obtained using paper and pencil,

techniques. | attempted to show them some honest and
real-to-life applications of calculus. | doubt very much that
these students will be exposed to any real world
applications in their university course this year. This is sad
because the vast majority of students who take a first year
calculus course do not go on to specialize in mathematics.
They will specialize in other areas where they will use
mathematics as a tool. Peter Taylor from Queen’s University
has written quite a few articles about this issue and he has
questioned how useful the typical first year calculus course
is to these students who go on to specialize in other
subjects. His comments are quite in line with the movement
in the United States towards a more lean and lively calculus.

I had a similarly frustrating experience with the same
university in the late 1980s. Throughout the 1980s | had
students coming back to me complaining that | had not
taught them any techniques of integration. They indicated
that many of their friends had been taught these techniques
and they were finding that their university professors were
assuming that they had seen it. Each year | would point out
to these students that the topic of integration was not in the
guidelines issued by the Ministry of Education. | would
further point out to them that as far back as 1972 the topic
of integration has never ever appeared in the guidelines.

The complaints kept pouring in and | finally decided to visit
the university and speak to them about this issue. | went
with the mathematics coordinator from my board and | gave
the mathematics department a presentation on what | was
doing in my Calculus course. | discussed how | was
spending time on all sorts of topics that were related to the
differential calculus. It was an attempt on my part to enrich
horizontally, rather than vertically. Many of the professors
who came had no idea what was supposed to be taught in
the high school calculus course and they found the
presentation to be useful. At the end | asked them if they
thought that | should abandon what | was doing in order to
cover the topic of integration. There was a unanimous
feeling that the students would be the losers if | did this. The
communication that occurred between us that afternoon
was very healthy and the situation improved a great deal. |
rarely have students coming back from that university to
complain about this issue. The complaints now come from
either students who are taking physics at that university or
from students who take calculus courses elsewhere.

To be fair to university professors, there are certainly a
number of valid complaints that they have about what is
being taught in high school mathematics classes. As it
stands right now there is no real forum for airing these
complaints. | clearly do not have the time to visit every
university to discuss the integration issue or the use of
technology and how could university professors possibly get
around to every school in the province. All of this is about to
change thanks to Dr. Steve Halperin, a professor at the
University of Toronto. Several years ago Dr. Halperin came
up with the idea of having a forum for improving the lines of
communication between universities, other levels of
education and the business community. Dr. Halperin has
spent a tremendous amount of time working on this idea
and he has enlisted the help and support of some hard-
working and influential people. His dream is now a reality
and the organization is called the Mathematics Education
Forum. The Forum involved eight constituent groups and
OAME is well represented on both the steering committee
and in the Forum membership. Arnie Carefoot, an OAME
Councillor, was on the initial steering committee and Marg
Warren, another OAME Councillor, has now taken over his
position.

The Forum is going to be more than a link between
secondary schools and universities and the intention is to
involve all levels of education. Look for a complete report on
this Forum in the next issue of the Gazette.




A HAVE YOUR SAY:
A NOTHER
PERSPECTIVE ON
EVALUATION AND
A CHIEVEMENT

TODD ROMIENS

MATHEMATICS CONSULTANT
WINDSOR BOARD OF EDUCATION,
WINDSOR, ONTARIO

I would like to react to the article, “My Perspective on
Evaluation and Achievement”’ by Ed Barbeau that appeared
in the ‘Have your Say' section of the September, 1993
Ontario Mathematics Gazette.

The author seems to confuse two models of learning. He
seems to advocate a mastery learning model when he says
“no student would be permitted into high school
mathematics without having cleared this examination.” This
model supports a lock step, mechanical approach to
learning. It implies that mathematics is linear, that is, you
cannot learn mathematics except in logical, preset order,
and there can be no progression until hurdles placed in front
of students are overcome. This model is driven by
achieving goals. It implies a regime that tries to force
learning and is not consistent with what we know about how
learning best takes place. No one learns under coercion.

In place of this model, | believe we need to engage
students in the ownership of their learning. | support an
interpretive model that is based on a belief that learning is a
process of growth over time. All students enter a classroom
with knowledge about math (or any subject) based on
previous experiences. Teachers take students from where
they are and move them forward, working together on goals
that must reflect the real life requirements of today’s society.

The author’'s example of the experiment with the high
school correspondence course seems to support the
interpretive model, yet he advocates a mastery learning
model. Is there a contradiction here?

| would also take issue with his analysis of how
secondary teachers teach and assess mathematics. He
says “much of the school grade is based on superficial
tests, which may involve filling in the blanks or multiple
choice answers.” My experience is that this certainly is not
the case. Most (probably all) teachers of mathematics are

" OAME/AOEM GAZETTE A DEC 19934 4|

deeply concerned about their students and how they are
assessed. With the current emphases in education, it is
even more crucial that the area of assessment be
addressed. | have given workshops and attended
workshops on alternate methods of assessment recently
that have been oversubscribed, which indicates the great
interest of teachers to improve assessment techniques in
their own individual classrooms. Most teachers are
concerned with the performance of students in their classes,
and are working very hard, under difficult conditions to move
students forward in their abilities to do relevant
mathematics.

The overall impression left with me after reading my
colleague’s article was that he is trying to put a “quick fix"
solution on a complex problem so as to make life easier for
university personnel. | think it is time that the universities
paid attention to what is happening across the province in
education and mathematics education in particular. It's time
they took a hard look at the people they are getting and
made their courses to fit the learners. The perception of
many K-OAC teachers is that universities seem to be
exempt from changes in education and in this case,
assessment. What is needed is more contact with the
university community so that there can be a greater
understanding of the problems faced by secondary
teachers, especially in the area of assessment and
evaluation.

MATH-MANIA By PauL KHANNA

So You Down'rLike
The Wav I Loox J
Wes, Tiss 1s Me Now
Ano Tt Is Me Foaevexj?

KP
AN TMPROPER L NTEGRAL

Editor’'s Note: Paul Khanna is a second
year Engineering student at the University
of Guelph.



FAIRY TALES

GARY FLEWELLING
MATHEMATICS CONSULTANT

Gary wrote this cautionary tale out of concern for the
way the public misuses the results of large-scale
tests.

Once upon a time automobile associations from around
the world gathered and decided that it would be a good thing
to assess, in a comprehensive way, the quality of
automobiles. To this end, and amid great fanfare, they
launched The First International Motor Car Study (FIMS).
Car companies from around the world were invited to
participate in FIMS. Companies like Rolls Royce, Honda,
and Mercedes accepted immediately. Soon after most other
car companies, including the “Big Three” from North
America, joined the study. They joined out of fear that non-
participation in the study would label them as companies
with something to hide. Only the Lada car company
accepted the invitation on the basis of having nothing to lose.

Autometricians from the participating countries met and
after much heated discussion decided on the assessment
criteria, test items, and assessment techniques to be used in
FIMS. They decided to judge the quality of a car by the
number of coats of paint on its hood and the noise level
generated by slamming the driver's door shut. Though it was
acknowledged that there were many other important car
quality. criteria, testing for them was dismissed for such
reasons as cultural differences, language differences, and
cost. Some experts fought especially long and hard to keep
carburetors on the test. You see, carburetor test items were
plentiful, easy to administer, and had a long history of use. A
slim majority of the experts voted down their inclusion on the
test when it was pointed out that the cars being tested no
longer had carburetors.

To simplify and standardize the testing procedure it was
agreed to test cars when they reached the 50 metre mark on
their respective assembly lines, or as the experts called
them, developmental continua (DC’s). Testing at the 50
metre mark on a DC upset the several companies that didn't
use assembly lines in the manufacture of their cars. For
political reasons, these companies didn't complain too loudly
and remained in the study. Some experts argued
unsuccessfully for a longitudinal study that would have seen

the same cars re-tested at the 100 metre mark. No one, by
the way, thought it very useful to test the cars at the end of
the assembly process and no one even considered testing
the cars over time, on real roads, by their owners.

By and by the tests were administered and the results
collected and evaluated. The results of FIMS surprised and
shocked many. Rolls Royce, for example, with a bare metal
hood at the 50 metre mark was found to be five coats of
paint behind the Lada in the hood test. Spokespeople for
Rolls Royce tried to explain that they had discovered that
paint was better applied at the 150 metre mark, but these
statements, were perceived as' self-serving rationalizations
and Rolls Royce, was roundly condemned in the papers for
shoddy assembly practices. Rolls Royce nevertheless,
because of its limited production levels and elite clientele,
decided to ride out the storm and took no remedial action.
Honda on the other hand with only primer on its hoods at the
50 metre mark and smarting from being four coats of paint
behind Lada, made expensive changes to its developmental
continuum. No one at Honda thought to remind themselves,
that, pre-FIMS, they outsold Lada 100 to 1.

Mercedes, strangely, was deemed the winner of the
slammed door noise level test. Though no door is hung on a
Mercedes at the 50 metre mark on its DC, they were able to
successfully argue that a non-existent door made the least
noise when slammed. This revolutionized car construction
over night, with all car companies, except Rolls Royce,
producing doorless cars in the next model year. This
unfortunately, was to cause the maiming and death of tens of
thousands of unbuckled family pets. The problem was to be
made only slightly more tolerable when the more socially
responsible car companies offered to stuff any pets so lost in
a procedure that came to be known as “porsching the
pooch”.

Five years, later, when The Second International Motor
Car Study (SIMS) was conducted, all participating
companies demonstrated dramatic improvements. Honda,
with 5543 micro-thin layers of paint on its hood at the 50
metre mark and revolutionary puppy-proof lace door curtains
received critical acclaim by the media and took top honours.
No one took much notice of the fact that since FIMS Honda
had laid off 85,000 workers and was producing only 110
post-SIMS units per month.

Finally, accountability had come to the automotive
industry. The automobile associations quivered in
anticipation of future studies. And few car companies lived
very happily ever after.




STANDARDIZED
TEsT: THE CTBS

GARY FLEWELLING

it

Gary’s on (writing/travelling)
leave for the 93-94 school year

xvill
xix

Out of curiosity | decided to look at one of the better
known standardized mathematics tests, The Canadian Test
of Basic Skills, and find out how well it measured
achievement of the learning outcomes for the Transition
Years. | did this out of concern that some of those pushing
for increased use of standardized tests in Ontario just might
be tempted, for reasons of expediency, to use something
like the CTBS as one of the tests.

You see listed on this and the next page the learning
outcomes for Grades 7, 8 and 9. These are the same
learning outcomes that appeared in the June, 1993 focus
issue of the Gazette. Note that about one-fifth of the
outcomes have a circle beside them. | placed a circle beside
a learning outcome if the CTBS contained one or more test
items related to the outcome. Notice the scarcity of circles in
all but the Number Sense and Numeration strand. Also
notice that the circles are, on average, one-third shaded. |
shaded each circle according to my (generous)
interpretation of how well each outcome was tested.

il

Based on the position of the circles, the number of
circles, and the amount of shading in each circle, | conclude
that the CTBS tests the easiest one-fifteenth of the
Transition Years mathematics curriculum and that it has
nothing to say about the tougher fourteen-fifteenths of it.

A school or board using a test like the CTBS to judge the
health of their grade 7-9 mathematics program would be
equivalent to a doctor using a blood pressure test, solely, to
judge the overall health of a patient. The point | am trying to
make here is that if we are not very careful of the tests we
use, programs and students could suffer.

Patterning and Algebra: Learning Outcomes

creale , describe, analyze, and extend a varlety of patterns derived from number and
geometric concepls, using a varlely of materlals.

use concrete and physical to an of
rapresent simple pallams with tables, giaphs, and rules.
model real-life using

create and evaluate numerical expresslons with and wilhout brackets using the orderof
operations.

create, describe, analyze and extend a wide varlety of pattems using a varlety of materlals.
pradict and verify a pattem bayond the point where physicat modelling is practical.
represant simple patterns with tables, graphs, and rules (use words and aigebra).

dascribe in wotds and with variables, ules derived from simple patterns.

interpret algebraic expressions that model rea-life situallons using word phrases.

translate word phrases tiom real life sit into P

with and without calculators (whole numbers

evaluate p by

then integers).

salve linear equations informally.

do Involving of itke tems, of
ta constant with and without the usa of physical

methods.

1o model real-fife situallons using linear equations,

use a balanced situatlon to model and wiite equations.

solve equallons using formal methods using the algebralc skills listed abave.
model real-life situations using Inequatlons.

salve Inequalitles using informal and formal methads.

substitute into real-life formulas and then salve tha resulting equation.

graph relations using data modelled by real-life Informatlon.

trlangles, and regular using a varlety of tools and stiategies,
classify, idenllfy, name and describe triangles, q
and decagons.

identify properties of simpla 2-D shapes, such as, congruent parts, angle sum, and line and
rolational symmetry.

Identify and apply the pi of parallel and figures.
classify, idenlify, name, dasaribe, and construct simple prisms, pyramids and regular
polyhadra.

creale, analyze, describe and extend linear geomelric paltemns, identifying the pattem
generalor and pattern symmetry.

Identify figures that will tite the plane and create tesseliallons of tha plane idenlifying
assoctated symmeliles and patlemns.

graph ordared pairs in the first quadrant.

cany oul baslc constructions using a varlety of tools andtechniques.

identify basic p: of 1otations, and rotallons arid use these
piop: toboth the of simple shapes on dot or plain paper and
Idenlify the transformation finking a figure and its image.

perfonn basic constructions using a variety of loots and strategies (e.g., paper-folding,
transparent mitrors, sel square, protractor, compass, computer).

create and analyze designs using geometric patterns in a variety of real-life contexts and
cultures.

creale similar figures and scale drawings, identifying the properties of similar figures and
using these properties o interpret scala drawings (e.g., maps and scale madels).

skelch 3-D figures on dot paper, construct simple 3-D figures using cubes from their top, side
and front views, and identifying views given modals.

tessellate in 3-D, identifying figures which will fill space (relating to packaging problems).
graph in all four quadrants.

plot the translation, reflection {in the axes and y=+/-x) and rotation (multiples of 80 degress) of
points in the coordinate plane and identify these Iransfoninations from their mapping rules.
Identify and apply the angle p of y and y angles, and
intersecling and parallel tines.

identify the of angle and p

draw simllar figures in the coordinate plane end identify dlletallons from their mapping rules.

lines and

Learning Outcomes

use a parsonal set of references or anchors for a variety of measures.

round to y inell activities.

astimate and measure the petimeters of 1egular and irregular 2D figuies whose boundarlas
are line segments or portions of curves,

construct regular and inegular figuies with given perimelers using a variely of malerials.
eslimate and measure the areas of regular and inegular 2D figuies whose boundaries are line
segments and/orpaitlons of curves.

i conslruct regular and inegular 2D figures with given area using a variety of materials.

identify the Inter-relationbelween figuies with fixed peiimeters {area) and thelr corresponding
areas {perimeters).

solve 1eal-life problems Involving the use of parimeter and aiea, using appropriate degtee of
accuracy.

compare and order a vailety of by
mband i

compare and order angles by estimation and measurement of their angles in degrees.
estimate and measure masses of objects In grams and kilogiams.

state and apply the formula forthe perimetar of a rectangle (including squares)

state and apply the fonnula for the area of a rectangle (including squares)

stale and applyfonnulaforthe circumference of a circle and estimale the value of pl.
stale and apply the formula for the area of a circle.

and by ing their cap in

i delannine the area of regular and irregular figuies using a variety of techniques.

state and apply the Pythagorean Thaorem.

stale and apply the formula for the aiea of a parallelogiam, lriangle & trapezoid.

identify the change in perimaler and area of shapes if their dimensions are changed by given
factor,

make scale drawings and models.
state and apply the fonnula forthe volume of rectangular prisms and cyfinders.
b and ¥ne the surfacas aieas of rectangular and tilangular

pryisms and cylinders,

measuie volumes by displacament methods or capacity measures.

idenlify the relationship between the volume of a prism (cylinder) and its corresponding
pyramids (cones)

solva problams Involving surface aiea, volume and capacity.

idantify the change in voluma of shapes when ona or more dimensions are chanyad by a
gliven factor.

using modets, solva practical problems involving inegular 3D figuies (e.g., surfaca atea of a
vehicie, volume of wood in a traee, capactly of kidney-shaped pool)



Data Management and Probabllity: Learning Outcomes Number Sense and Numeration: Learning Outcomes

callect graphs from various sources and then classlfy them according 1o thelr lype.
Identity tha characleristics of each type of graph.

Identify the type of Infonnation that Is associated with each lype of graph (continuous, related
or unrelaled)

recognize the sullablllly of diiferent types of graphs for displaylng specific data.

road and Interpret graphs.

construct graphs from given dala or dala found In other sources.

pose and answer questions about the graphs constructed and thase found.

develop Intultive concepls of "chanca® (probablitty) using spinners and other simllar acilvllles.

delermine and express the “chanto (probabliity)” of events as fiactions using the lenns
*falr/unfalr”, “likely/unlikety”,

delermine mean, modlan, and mode from collecled data.
use mean, medlan or mode 1o analyze tabutar data.

Identlfy the varlous mathods used 1o collect dala from a vaiiely of soutces end then stale tho
advantages and disadvantages of each mathod.

cieate a survey based on teamer-decided (teacher assisied) pioblem.
analyze questions as 1o bias/non-blas.
conduc! a sutvey using good sampling lechniques.
organize and [nterpret the Information from a survey.
display Infonnation from a survay using an appropriate graph.

P and from graphs.
Identlfy pattems and trends and make predictions from graphs.
estimate populations by taking samples of various sizes.
explaln why aclual resulls do nol always malch predicted results.
predict oulcomes by crealing a probabliity experiment or simulation lo model a problem.
creale a fonnula or an equallon from dale displayed In a chartAable.
deslgn and conduct an experiment 1o test an hypothess.
collect, organize and display the dala gathered from en experimant.

when possible, create an equation lo dale of en (Note: many
wlii not generale an equation.)

glven en equation, display date In the coordinate plane.
pose end answer questlons about the data.

detennine probablilties of events from their relative fraquancles as oblalned from:
1) an Individuaf's results, and ) class resulls.

exptaln why aclual resulls do no! elways malch predicted results.
Identify the relationship belween sample size and the accuracy of expected resulls.
conduct to predict of of complex events.

Identify and use place values In conlext from mifilons o thousandths.
Idanlify the e!fect of an operation on a palr of numbers. (e.g. 5 + 0.2 > 5)
appty In the oider of

parform whole numbar and decimat computations using peper and pencil. Maximum timis:
~ addilion, three 3-digHt; -subtraction, two 3-diglt;
- mutiplication, 2-digh by 2-diglt; -division (short), 3-diglt by 1-digh
and appty the typeof P for e given conlexi, that Is, montat
pencil of

approximate sums, differences, products, end quotients of whole numbers and decimals
using a variely of strategles.

usea for awkwasd

Judgethe of answers by paper-and-pencli or calculator.
undorstand the meaning of Intege!s and kienlify contexts In which Integers occur.
add and sublract Integars with modals.

Idontify equivatent and approximatety equivalent fractions,

add and sublract fractions with and without models.

mulliply and divide fractions wilh models.

express hundradths as fractlons, decimals, and percants.

estimate and solve problems Involving percents end whole percents of numbers (e.g., sales
tax, discounts, lips).

use thelr number concepls end skills In a wide varialy of applications.
Identify and use place values In problem contexts.
use calcutators for awkward P
solve problems Involving addllion and sublraction of Integers wilhout the use of models.
solve problems Involving the muttiplicelion and addltion of fractions.

sotve by using eq! rates end of rates.

numbers where

use lables and the unit method 1o solve rallo, 1ate and percent problems (e.g., it 8% of a
number Is 50, find 7% of the numbsr).

relale squales end cubes of numbers to tha areas of squares and the volumes of cubes.
relate and estimate the square Iools and cube roals as the lengths of squares and cubes.
record end Interpret numbers In scientific notation.

the value of using scientitic notatlon or compaction of numbers,
sotve problems Involving the addition, sublraction, multiplication end division of Integers

solve problems Involving tho addition, sublraction, mulliplication, or addition
with rationals.

sotve 1atlo end percent pioblems algebralcally.

understand powers Involving Integral exponents.
use the power laws {In numorical cases only).

Editor’s Note: Our apologies for the small font. For easier reading, consult the June, 1993 Gazette.

An Inspiration for Students, Teachers and Administrators . . .

M A T H E M A T I C S Using history and anecdote to form a bridge between past and present, each month

of the Calendar focuses on an activity central to a new vision of mathematics

education: Modelling, Applying, Solving, Symbolizing, Proving, Predicting,
E D U C A T I O N Computing, Programming, Conjecturing, Generalizing, Reasoning, and Discovering.
CALENDAR 1994

Each month is illustrated, and highlights interesting discoveries, notable dates and unusual
facts. Comments on mathematics education, suggested projects of a general nature, and a
current bibliography are included.

The Calendar will appeal to teachers at all levels, junior and high school students, educators,
administrators, and other individuals concerned with reform in mathematics education.

A limited edition of the Calendar was produced in 1993 for Heads of State and officials in 50
countries throughout the world. It received excellent reviews.

Copies may be ordered by certified cheque or money order from:

MATHEMATICS INNOVATIONS
P.O. Box 21012, 151A, Second Avenue, Ottawa, Ontario, Canada. K1S 5N1

Price per copy:
USA : $10.75, plus $3.00 postage and handling
CAN : $13.50, plus $3.00 postage and handling (taxes included)

An important resource, an excellent gift . . . order now !

A 5% discount is offered for orders of 2-5 copies. Volume discount also available.




LIFE MEMBERSHIP

To qualify for Life Membership in OAME/AOEM a
candidate shall have:

A 10 or more accumulated years of membership in
OAME/AOEM

A demonstrated outstanding leadership in Mathematics
Education locally and provincially, and/or contributed in
a significant way to Mathematics Education in general
and in OAME/AOEM in particular

Deadline for nominations: January 31, 1994.

MONA MACGREGOR AWARD

In recognition of the contributions made by Mona
MacGregor, former OAME/AOEM Co-Secretary-Treasurer,
OAME/AOEM established the Mona MacGregor Award, to
be presented annually to a person who does not necessarily
meet the criteria for the Life Membership Award (i.e., not
necessarily an educator or an OAME/AOEM member.) The
award is aimed at recognizing people who have supported
OAME/AQEM, such as publishers, educational suppliers,
hotel personnel, etc.

At this time OAME/AOEM is requesting nominations for
consideration for this year's award, to be presented at the
Annual Conference.

Deadline for nominations: January 31, 1994.

CALL FOR AWARD NOMINATIONS

MORLEY MACGREGOR AWARD

In Memory of the late Morley MacGregor, former
OAME/AOEM Secretary-Treasurer, OAME/AOEM has
established the Morley MacGregor Award, to be presented
annually to an elementary school teacher of mathematics
who has demonstrated excellence in mathematics
education as well as contributing to the overall development
of students beyond classroom activities.

At this time OAME/AOEM is requesting nominations for
consideration for this year's award, to be presented at the
Annual Conference.

Deadline for nominations: January 31, 1994.

KENNETH D. FRYER AWARD

In Memory of the late Dr. K.D. Fryer, OAME/AOEM, in
conjunction with the Grand Valley Mathematics Association,
has established the Kenneth D. Fryer Award for Excellence,
to be presented annually to a secondary school
mathematics department demonstrating excellence in
mathematics education as well as contributing to the overall
development of students beyond classroom activities.

At this time OAME is requesting nominations for
consideration by the committee for this year's award - to be
presented at the Annual Conference.

Deadline for nominations: January 31, 1994

AWARD NOMINATION FORM

Award (Check One)

Date of Nomination:

[:. Life Membership D Mona MacGregor Award D Morley MacGregor Award D Kenneth D. Fryer Award

We nominate (Name of Nominee)

School, Organization or Business of Nominee

School, Organization, or Business Address of Nominee

Principal of Nominee (for the Kenneth D. Fryer Award)

Mathematics Department Head of Nominee (for the Kenneth D. Fryer Award)

Nominated by (Name, Address & Phone)

Please attach a separate sheet to the completed nomination form, outlining the reasons for your nomination and send to Don & Carol

Attridge




2ZiPF’s LAW OR

AL NICHOLSON
FENELON FALLS S.S., FENELON FALLS, ONTARIO

Al Nicholson was born, raised and educated in
Saskatchewan. He has taught mathematics and
music in Fenelon Falls for 25 years.

In each American presidential election, the people of
New Hampshire have an early say on who will be the next
president. For the past forty-five years, every elected
president has won the New Hampshire primary, one o6f the
first tests of a candidate’s strength in the lengthy
presidential campaign. Political scientists note that this

Figure 1

state which ranks 42nd in population with only 921,000
people, exerts an undue influence on the nation’s destiny
(fig 1). A student of mathematics will wonder how much
information one might deduce about the USA from the rank
and population of one of its smaller states. Quite a bit it
turns out but, unfortunately, not the name of the next
president!

In this article, we will use Zipf's law to show how the rank
and size of one province of a country can give us an
estimate of the size of the whole country. It can also
estimate the sizes of the other provinces and the number of
provinces. There are two main reasons that this problem is
useful in the classroom.

First, it provides an accessible classroom mathematical
modelling example which can be used as a vehicle for

data handling and error analysis.

Second, since in some situations tne law gives very
good results and other times it does not, students can
begin to understand that “laws” have limitations and
must be used with care and knowledge.

We will introduce the law and then apply it to Canada
and its provinces before returning to our New Hampshire
question. This material could be used at any level in Junior
or Senior High School. We will then look at a refined version
of the law which uses exponents, logarithms and analytic
geometry and would provide a good review for these topics
in senior classes.

The Law

G.K. Zipf [1] was an eclectic thinker who noted that if we
rank the words of any language, the most commonly used
word is used (roughly) twice as often as the second most
used word; three times as often as the third word. Zipf's law
states that the use of a word is inversely proportional to the
usage-rank of the word. It has been noted that Zipf's inverse
rank law can be applied to populations of geographic units
[2,3]. The law states:

If we have a complete set of geographic regions
(continents, countries, provinces, cities), the population of a
region is inversely proportional to the rank of its population.

We will discuss several applications of the law and its
extensions. The law is easily understood, readily applied
and brings to light the broader question of the connection
between a mathematical model and the reality it is trying to
portray.

Canada and its Provinces

Our first example is a look at the provinces of Canada. In
order to use the law we must consider all the provinces.
This is the reason for the use of the word “complete” in the
statement of Zipf's law. If we knew that in Canada,
Saskatchewan ranked 6th with a population of 992,000 and
New Brunswick ranked 8th, we could estimate the
population of New Brunswick thusly:

X

—9—9—2—_—00—():% and find x = 744 000

The actual population is 707 000. Thus Zipf's law
provides an answer with an error of about 5%. Using
Saskatchewan’s population, we can estimate the population
of all ten provinces. This is done in table 1. For the rest of
this paper, all population figures will represent thousands. 1

Y[ population data used in this paper are taken from
The 1990 Information Please Almanac (Houghton Mifflin
Co., Boston, 1989).




Table 1

Province Calculated Actual
Population Population Error -

Ontario 5952 8816 32%
Quebec 2976 6 515 54%
British Columbia 1984 2825 30%
Alberta 1488 2352 37%
Manitoba 1190 1046 14%
Saskatchewan 992 992 0%
Nova Scotia 850 859 1%
New Brunswick 744 707 5%
Newfoundland 661 576 15%
Prince Edward Island 595 124 380%

Calculated and actual population values of the provinces of
Canada. (Saskatchewan as basis)

We see that Zipf's law produces some successes, some
dubious results and an incredible error.

A more convenient way to use the law is to use the
maximum population. Then we have

Pmax_L
Pr —-1
where pmax is the population of the largest region.

P, is the population of the region with rank r. Rearranging,
we have
(1)

— ‘_Pmaxr
~r

In our example of the provinces of Canada, we would
use the largest province, Ontario. The results are shown in

table 2.
Table 2

Province Calculated Actual

Population Population Error
Ontario 8816 8816 0%
Quebec 4 408 6 515 32%
British Columbia 2939 2825 4%
Alberta 2204 2352 6%
Manitoba 1763 1 046 69%
Saskatchewan 1469 992 48%
Nova Scotia 1259 859 47%
New Brunswick 1102 707 56%
Newfoundland 980 576 70%
Prince Edward Island 882 124 611%

Calculated and actual population values of the provinces of
Canada. (Ontario as basis)
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Some of the errors are smaller but several are much
larger. We will discuss the large errors at the end of the
paper but we note here that in the social sciences, precision
is not easily attained.

Total Population of a Group of
Regions

If we let Pyt be the total population of the geographic
regions we are considering then we have,

Piot =P +Po+ Pg+...+ P, where nis the number
of regions in our group. Using equation (1) we obtain

1,1 ,.1, 1 1
Pot=Puax (1 + 3+ 5+ 7+ 5+ _+ 1)

= Ppay (IN N + 0.5)

The last step is a rough approximation that can be
obtained by integrating

dx

X|=

n
1
If we use the population of Ontario at 8 816 and equation
(2) with n= 10 we calculate Canada’s population thusly:
Ptot =8816(In 10 + 0.5) = 24 708.
The population of Canada (excluding Yukon and the
NWT) is 24 812. The calculated answer is within 1% of the

actual. This accuracy using Zipf's law is the exception rather
than the rule.

New Hampshire as the
Bellwether of the USA
We return to study New Hampshire: population 921 and

rank 42 of 50 states. We ask and answer the following
questions:

1. What are the populations of the two largest states?
2. What is the population of the USA?
Answers: 1. From (1) we have
Pmax =Pr-r
Hence the population of the largest state is
Pmax = (921)(42) = 38 682.

Using (1) we find that the population of the second largest
state if max 19 341.

2. We use (2) and find
Piot = (38 682) (In 50 + 0.5)
=170 666.
Hence the population of the USA is 170 666.

The actual figures (errors) are: California 23 668 (63%),
New York 17 558 (10%) and USA 226 546 (25%). We leave
it to the reader to discuss whether, armed with the



population and rank of New Hampshire, Zipf's law gives us
quite a bit of information or it only feeds us useless
misinformation.

A More Refined Version of
Zipf's Law

Equation (1) can be written

Pr= Pmax.r‘1
A general form which we hope would give better results
is
P.=A® (@3
where A and b are constants for a particular group of
regions. The study of this equation would provide a good

opportunity in class to review logarithms and the analytic
geometry of the line.

We take the logarithm of each side of equation (3) and
obtain

InPy=b-Inr+InA (4)

Now if a scatter plot of /n P, and /n ris made for the
populations (for example) of the provinces of Canada and a
line of best fit is found we obtain figure 2. To find the line, it
is suggested that your students use an “eyeball” approach.
An analytic approach such as least squares could be used if
the students have sufficient background. Finding the slope
and y-intercept of this line will produce estimates of the
values of In A and b. The estimate of A is found using

A =eNA  For the line in figure 2, we find that A is 14 186

and b is -1.48. The calculated results and errors are shown
in Table 3.

The errors are considerably less than those found in the
calculations displayed in tables 1 and 2.

Discussion

Zipf's law gives us a principle by which we may get a
feeling how populations are distributed in geographical
regions. It is not useful if we wish to obtain a precise
population count. Nevertheless, there are several important
lessons the high school student will learn studying this law.

First, no scientific law is perfect. Special conditions are
always presupposed. For example, the value of 9.8, the
acceleration due to gravity, is dependent on how far one is
from the center of mass of the earth. Calculated results in
theory will nearly always differ from measured results of
experiments. Too often students will think that these type of
differences are only due to sloppy experimental technique;
they do not realize that theory is restricted. Zipf's law would
provide a good starting point for discussing these issues.

Second, some inaccurate laws are useful and some very
accurate laws are useless. It is true that every newspaper
has an even number of pages - but of what use! Theory and
laws connected with the social sciences will never be very
accurate. Economists can not even agree on whether
interest rates should go up or go down. Yet, the search for
mathematical models gives economists much insight into
how the economy works. For a simple social theory of a
complex problem, Zipf's law does quite well.

Third, one must use care when applying a law and when
extending a law. Equation (2) can be rearranged to obtain

Table 3

Province Actual Rank Inr InPop Calculated Error 95

Population r Population Ln Pop
Ontario 8816 1 o 908 1418 61% [(MP) g4}
Quebec 6515 2 0.69 8.78 5 085 22%
British Columbia 2825 3 110  7.95 2790 1% 851
Alberta 2352 4 1.39 7.76 1823 22% 8.0}
Manitoba 1 046 5 1.61 6.95 1310 25%
Saskatchewan 992 6 1.79 6.90 1000 1% 7.5
Nova Scotia 820 7 1.95 6.76 796 7% 20,
New Brunswick 690 8 2.08 6.56 653 8%
Newfoundland 592 9 2.20 6.36 549 5% 6.5{
Prince Edward Island 124 10 2.30 4.84 469 278% 63 0 o5 10 15 20 25
(PEl is not included in the scatter plot.) Ln rank, r
Calculated and actual population values of the provinces of Canada. (Extended
Zipf's Law) Figure 2




n=exp[§'°’-- 0.5] (5)

max

This can be used to find the number of regions if we
know the population of the largest region and the total
population. Using our example of Canada and its provinces,
we use Pjot = 24 812 and

) 24 812
P . =8816 and find "=eXp(8_BJ_6

- o.5)=1o.1

This is very close to the 10 provinces we know so well.
However, if we use (5) to calculate the number of states in
USA and use Py =226 545 and

. 26 545
P__ =23668 wefind n=exp(2—8_8——l—€—— 0.5)=8706

which is far off the correct number, 50 states.

Whereas the basic Zipf's law, equation (1), gives us
some idea of how populations are scaled and the sum
formula, equation (2) gives a ballpark figure for the total
population, this inverted equation (4) is probably not useful
at all.

Using Zipf’'s Law in Class

Zipf’'s Law can be used for continents in the world,
countries in a continent, provinces in a country, cities in a
country, counties in a province, or towns in a county. Three
results might appear: (a) Zipf's law (1) applies quite well;
(b) the refined form (3) must be used; or (c) the largest one
or two regions are disproportionately large and the law’s
pattern is destroyed. In this third case, the refined form will
often work well if the extra-large regions are not included in
the calculation.

How well the law works and which form to use are
worthwhile topics for discussion by our mathematics
classes. The law works best for a country that has
developed within a set of natural boundaries. Countries that
are federations or have annexed neighbouring countries do
not fit the pattern as well. Metropolitan cities that have
annexed many smaller communities distort the picture and
cause the third situation mentioned above. The results for
PEI are poor because its natural boundaries limit growth
and this matters when it is included in the calculations for
Canada.

The NCTM STANDARDS [4] encourage the making of
connections between mathematics and other disciplines. If
we study the slope b in equation (4) for different countries,
we see that it is correlated to the degree of urbanization of
the country. An investigation of this concept would be a
good project for geography and mathematics.

Another project we have used is to find the constants A

and b in equation (3) for several nesting geographic units.
The units we used were:

1. countries in North America

2. provinces in Canada

3. counties in Ontario

4. townships in Frontenac County.

The values of A and b will vary over these four levels,
but it is striking that the structures are so similar. This
similarity at different scales means that populations are
fractal like. 2

At any level in the intermediate-senior grades, the basic
Zipf's law, equation (1), provides an opportunity to use. a
formula, tabulate data and calculate and analyze errors. For
instance, after doing the Canada-province calculation of
table 2, the student should be invited to consider the
questions:

1. Does this law work?

2. Is this law useful?

3. Do Newton'’s laws work?

4. How can one distinguish between experimental errors

and errors of theory?

Conclusion

Zipf's law and its extensions provide an opportunity to
use mathematical skills while analyzing an easily
understood real life problem. Students appreciate an
accessible application. This law illustrates the use and the
limits of the use of mathematics in scientific research.

If we can calculate the population of the USA from that
of New Hampshire, maybe it is fair that the New Hampshire
primary has so much influence on the destiny of the whole
country.
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2 Readers familiar with the iterated function system
fractal images of Michael Barnsley might like to try a system
where discrete maps are chosen with probabilities of 1/2,
1/3, 1/4, 1/5, etc. What emerges as the computer works is
an evolving country. A few small towns that grow in size.
These in turn spawn smaller satellite towns and eventually
we see large metropolitan sprawls with sparsely populated
regions - a fractal country!

OAME/AOEM GAZETTE A DEC 1993 A 12




MATH POWER at KINGSTON TOWER

QUINTE ST. LAWRENCE
MATHEMATICS ASSOCIATION presents

THE 21ST ANNUAL
OAME/AOEM CONFERENCE

PRELIMINARY INFORMATION ONTARIO ASSOCIATION FOR MATHEMATICS

Registration Forms and other Information
available in the New Year

EDUCATION/ASSOCIATION ONTARIENNE
POUR L'ENSEIGNEMENT DES

MATHEMATIQUES

FRIDAY!

An evening of fine food, a
unique comedy experience,

plus cash bar.

We present a GREAT

Conference at MODERATE
prices In the AFTERMATH of
the Social Contract.

With no scheduled noon-hour
sessions, you'll have even more
time to meet old and new friends,
visit the publishers displays, or !
maybe even take stroll along the
lakefront or through historic
downtown Kingston.

NETWORKING?

Wine and Cheese Parties
on Thursday, Math Equity
Breakfast on Friday.

ACCOMMODATION

- Victoria Hall (Queen's Campus)

$55 per day (includes breakfast

and lunch)- Also, area hotels are
offering discounts

“Sessions on everything you ever wanted to know about mathematics, with speakers from industry,
university, college, high school, and elementary school." Topics will include: destreaming, integration,
cooperative learning, evaluation, problem solving, computers, graphing calculators and enrichment.

KEYNOTE SPEAKERS

*Don Fraser, University of Toronto °Dennis Nykoliation, President, Black and Decker Canada
*Bernard Schapiro, University of Toronto

For more details (and a spot on our mailing list), contact Co-chairs, Margo or Brian:

MARGO JOHNSTON

BRIAN GALLAGHER

Phone: (613) 389-2130, FAX: (613) 389-8042 or 800
Wartman Ave., Kingston, Ont. K7M 4M4
Phone: (613) 389-3517

Prontenac S.S., 789 Bath Rd., Kingston, Ont. K7M 4Y3 80 Market St., Gananoque, Ont. K7G 2M3
Phone: (613) 382-5268




& A PROBLEMS~
BASED CURRICULUM
FOR INTERMEDIATE
ALGEBRA

PETER TAYLOR
DEPARTMENT OF MATHEMATICS AND STATISTICS
QUEEN’S UNIVERSITY, KINGSTON, ONTARIO

where: OAME94 at Kingston Ontario
when: Friday, May 13, 1994 at 3:15 p.m.

what: An instant(?) problem-based curriculum for
intermediate algebra.

how: You send me the problems, | make the resource
book, we have a free-for-all at the session, and you take the
resource book away.

I am convinced we need to be moving at all levels
towards a problems-based concept of curriculum. This
means letting go of the deadly skills-based organization of
our current curricula. This means not taking anything into
your classroom unless you think it's fun and neat and good
and worth the hour-unless you can get out of bed in the
morning and say, hey we’re doing that neat problem today,
and bounce into the shower. [Would an English teacher take
a poem into class that he or she didn't think was neat and
good? Nor should you.]

Okay so-we lose that nice safe system of building skill x
on skill y right where it should be in the order of things. But
that nice safe system isn't really working. Anyway this has
got to be a lot more fun...

| don't mean math contest type problems here! | don'’t
mean brainteasers that only the executive of the chess club
will know what to do with.

I mean problems that will explode into small group
discussions right away, where half-baked ideas and
conjectures can be put up on the board for class scrutiny,
where team-work and communication is what counts, where
exploration and hands-on stuff can bring insights, where the
struggle is more to see what to say and how to say it, and
where in the working of it all out, some of the basic
algebraic skills are needed. In fact, if you get out your
intermediate and senior curriculum guidelines and read the
AIMS you'll see exactly what | want!

Let me give you three examples. The first is a bit off the
wall, but | chose it because in some of our problems, | really
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want to get away from the standard stuff and do more where
the emphasis in an organization, analysis, and presentation.
It's a card trick found in Ball and Coxeter Mathematical
Recreations and Essays - and don't let the title of this
classic (first edition 1892) fool you - it's got enough in it to
fuel an undergraduate curriculum.

EXAMPLE 1: | give a deck of cards to a student and ask
her to shuffle and deal 26 cards in a face-up pile. As she
deals | watch the cards go down with great concentration. |
ask her to turn pile over - it is now face down and will be
called the discard pile. She now deals the remaining deck,
from the top, face up, into a number of piles, as follows.
Suppose the first card dealt is a 7. Then she says “7" and
covers it with 3 cards (face up), calling out 8, 9, and 10, as
she deals. Then she starts a new pile. If the next card is a 4,
she says “4”, and covers it with 6 cards, calling out, 5, 6, 7,
8, 9 and 10. If she lays down a 10, she just announces “10”
and leaves it in a pile by itself. An ace counts 1, and all face
cards count 10. At the end, she will usually run out of cards
before she can finish a pile. In that case, she just picks this
pile up and places it (face down) on the discard pile.

Now she chooses any 3 piles, and you instruct her to
turn them over (so they are face down) and then turn over
the top cards. All non-chosen piles are to be gathered up
and put on top of the discard pile (face down). Now the
values of the three turned-over cards are added and you
quietly announce the name of the card that is in the position
in the discard pile. For example, if the three cards were 4, 7,
and Q, you would give the identity of the 21st card in the
discard pile. The student then counts out 21 cards and is
suitably awed (and so is the class—try it!) by your powers of
“memory”.

That's not all! You offer to vary the trick. Instead of
counting to 10, why not count to c=13? And instead of
taking 3 piles, why not choose only p=2? In fact you can ask
them to provide reasonable values for ¢ and p (though
there’s only a small feasible range) and provided you know
these at the beginning, you can still do the trick.

The problem of course is, how does it work? Somewhere
around there’s presumably a “formula” involving ¢ and p.
Whatis it?

There’s lots of good stuff here: finding the formula is just
the fun stuff in the middle. But at the very beginning, there’s
the inspiration to decide to look for such a formula, and at
the very end, there’s the task of presenting the package and
writing everything down in a good way. These are skills we
must start to emphasize more.

I was shown the second example last summer at the
CMESG meetings at York, and | believe it was attributed to
our Editor Jack Weiner. Anyway, it's a lovely open-ended



little gem which uses just the right skills for us:

EXAMPLE 2: 2 2
2\/; =\/2%

The third example is important in applications of
functional analysis in the social and life sciences, but I find
that university students in first year have a lot of trouble with
this kind of problem. | wish they had started thinking this
way long ago.

EXAMPLE 3: Suppose that y is a function of x, and the
graph of the function is given by the curve shown below.
Consider the problem of finding the value of x which makes

y-2
X

a maximum. The construction on the graph (the tangent
line) shows that the maximum is attained at x = 2.6.

(a) Explain carefully why this construction solves
the maximization problem.

(b) What expressions of the form:

ay+bx+c
ry+sx+t

for given constants a,b,c,r,s and t, can be maximized (or

minimized?) by this geometric approach?

Let me empha-
size: I'm not
talking about
Friday afternoons
here. If | were
teaching grade 9-
10 and had a set
of problems like
these, | would
; P spend the whole
SR R S N And let the skills
T 2 3 45 6 fall out as they
will. [Or more precisely, as the motivated student and the
wise teacher see the need and opportunity. And of course, |
would have to offer the right kind of support to those
students who can see that their skills are weak - but from
grade 9 up | want the onus for this initiative to be on the
students!] This is roughly how curricula are designed in the
humanities, and science could gain much by studying their
model. In a poetry course, for example, the “problems” are
the poems, and they are carefully chosen for their artistic
merit; over the years, the important skills emerge. [You may
be wary of an argument that involves an analogy between

y

[A-JNE <~ B - ¢ B <)

X

poetry and mathematics, but the more experience | have
with each of these, the more | think we each have to learn
from one another.]

So here’s what you have to do. Send me a contribution,
at most one page, for the resource book. It could be a single
problem, with or without commentary, or a collection of two
or three problems. Include your name and address and
phone number at the top left of the same page. | will screen
them (I reserve the right not to use everything | get) and
assemble them into a booklet which | will put into the hands
of everyone who comes to the session, whether they are a
contributor or not. At the session we will talk for an hour or
so about the problems in an informal way.

Deadline for submissions is March 15, 1994. Act now,
and let's make a start at putting some new life into our
curriculum!




Tie Reviseo
WITPO GAME

MIKE ZICHOWSKI
NEWTONBROOK S.S., WILLOWDALE, ONTARIO

Mike Zichowski has been
teaching in North York for sixteen
years. He has written over two
hundred articles and has
produced educational programs
for cable and City T.V. He is
currently working with his O.A.C.
Algebra Geometry class to create
a dating service using vector algebra.

WHAT s THE
ProBABILITY OF

The first snowfall of the season had brought the usual
misery of traffic congestion, and | had arrived late for my
classes. Since there was no time to start a new lesson |
decided to play WITPO with my senior Finite Math classes;
fortunately we had finished the probability sections of the
course. | quickly grabbed a red die and the question cards
for this game from my desk drawer and entered the
portable. They sensed something different was about to
happen as | was not carrying the textbook. And when |
began calling their names in groups of five to occupy a
portion of the classroom, théy realized that today’s lesson
would be a brand new experience. While | was formulating
the groups | persuaded a student to draw the game board
on the blackboard. Each group selected a captain who
proceeded to the front of the room for a die toss to
determine the order of play (largest value went first). | had
purposely selected the groups so that our math geniuses
would not be on the same team. My team selection had
obviously not affected the excitement that pervaded the
classroom as cheering erupted during the inaugural die
toss. An added incentive was the announcement that the
winning team would receive an extra two marks on their
next chapter test.

And so the game began in earnest. With each die toss a
question card was selected, its question read twice to the
group, the time limit announced at usually 60 or 90 seconds,
and if the answer received from the group was correct an
appropriate number of steps were marched off along the
game board. If ‘an incorrect answer was received, the value

of the roll would be halved for the next respondent (any
group could answer). This was the most challenging part of
the game. If a wrong answer was encountered, the M.C.
(i.e., the teacher) must select the quickest hand in the air
for the next answer and award the proper steps along the
game board if that answer is correct. We interrupted the
game several times to calculate an answer that the students
perceived as difficult. | had the student with the correct
answer demonstrate his/her solution for the entire class
before we proceeded with the next roll of the die. It was
interesting to see that even our “hot-shot’ math students,
who frequently responded much before the allotted time
limit for the question, got the answer wrong. These blunders
caused a genuine team approach to the question posed,
and as the competition became heated, | sensed much
team discussion and problem-solving before a final solution
was given. It was co-operative learning at its best as |
relished these intense problem-solving moments. It seemed
that all that commuter traffic anger was cured by this
enjoyable game. Before the class was dismissed a game
evaluation sheet was distributed so that their suggestions
and ratings could be analyzed. (See enclosed student
reviews).

The introduction of games into the OAC Finite Math
course continues to be a hot, contentious topic among
educators. The results submitted by my students indicate
the need for such diversions from the course material and
that the exercise is a valid activity. The REVISED WITPO
GAME tends to reinforce and develop many of the concepts
of the probability units of study in the finite math course. It is
a great way to review basic probability skills such as
independent events, the binomial theorem, permutations
and combinations.

THE PLAY AND RULES:

The game requires a die, a playing board (provided with
this article), magnetic board markers, a.timing device and a
deck of questions on cards (provided). Answers appear on
the question cards to allow the teacher or a student to verify
the student’'s answer. To avoid repeating questions during
the game, your question deck should include at least 40
questions. WITPO is designed to be played by groups of 3,
4 or 5 members. A typical class will have four or five teams.
Calculators and notebooks are allowed. The game requires
about one hour to complete with the teacher assuming the
role of M.C.

RULES:

1. Each team rolls the die to determine the order of play.
The largest number goes first.

2. The first team rolls the die. The teacher reads the
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question twice to the entire class and announces the
time limit for the question. If the first team gives the
correct answer then its marker on the game board is
moved the appropriate nhumber of spaces as indicated
by the die.

3. If the number on the die matches the number on the
playing board where the marker lands, additional
spaces equal to the number on the die are marked off.

4. If the question is answered incorrectly, then the question
has half the value of the initial roll and any team may
answer (quickest hand up). If the die shows a one, three
or five then round up to the nearest whole number
before halving.

5. The play continues in this manner until one team reaches
the final circle.

6. “Lose a turn” : if this occurs then leave the marker in this
space. Do not read the question card; the team loses its
next turn with the die.

7. Used cards should be returned to the bottom of the deck.

8. Calculators are permitted, and no distractions are
allowed during the question period. A time limit is
imposed on each question issued.

9. If a player rolls a “one” on the die and the team gives an
incorrect answer, then no subsequent halving of the
question value is allowed for the other teams.

CONCLUSION:

The finite math course provides a perfect setting for
utilizing games in the curriculum. The REVISED WITPO
game may be used as a supplemental review activity when
the probability chapter concepts are completed. Question
cards may be devised to include other topics, such as:
matrices, statistics, series and sequences, rather than just
probability. Games which emphasize counting principles,
and allow the students to develop a few basic skills and
apply some combinatorial notation make studying
mathematics enjoyable. WITPO provides students with a
background of concrete experiences upon which abstract
university mathematics can be based.

STUDENT REVIE

Rating: 8.8/10

THEIR SUGGESTIONS FOR
IMPROVEMENT:

e sketch a large playing board on the blackboard

e speed up the pace of the game by not taking up
wrong answers, or by not allowing other teams to
answer after an initial wrong response

e use coloured cards on table of each group matching

the colour of their marker on the board
e reduce the length of the game board
e teacher should not pick the teams
e more penalty boxes are needed in the game board

e do not take up wrong answers, provide written
solutions for distribution at the end of class; game
should not be used to go over wrong answers

e every student agreed that this game strategy should
be part of the finite math curriculum

THEIR COMMENTS:

It's fun; it's very helpful; a good method of review; please
extend game to calculus class; it's a fun way to do the most
challenging part of the course; it is good practice, better
than text review questions; great way to test each other in a
fun way; should be played before the exam or test; it's a
good incentive definitely; the board spacing could be
improved.




MOVE
AHEAD 4
SPACES

J

FINISH)

LOSE A
TURN

3

MOVE
BACK 3
SPACES

[LOSE A
TURN

2

6

1

4

2

MOVE
BACK 2

SPACES

MOVE
AHEAD 1

SPACE




QUESTIONS AND ANSWERS FOR THE REVISED WITPO GAME

What is the prob. of the sum of two dice being a
multiple of four? Ans. 1/4 Time: 60s

Three cards are drawn from a deck without
replacement. The prob. of getting 3 diamonds is:
Ans. 11/850 Time: 60s

What is the prob. of the sum of two dice equalling 7 or
11? Ans. 2/9 Time: 60s

Three coins are tossed, the prob. of obtaining 2 heads
and a tailis Ans. 3/8 Time: 30s

What is the prob. of the sum of two dice equalling 2,3
or 12? Ans. 1/9 Time: 60s

Three coins are tossed, the prob. of obtaining at least
two heads Ans. 1/2 Time: 30s

What is the prob. of guessing correctly on four true-
false questions in a row? Ans. 1/16 Time: 60s

A bag contains 6 red, 5 blue, and 4 green chips; the
prob. of drawing one red chip is: Ans. 2/5 Time 30s

What is the prob. of tossing four coins and getting
exactly two heads? Ans. 3/8 Time: 60s

The prob. of drawing a red even numbered card from
a full deck is Ans. 5/26 Time: 30s

What is the prob. of tossing four coins and getting
exactly three heads? Ans. 1/4 Time 60s

Two dice are thrown. What is the prob. of rolling a
total under five or a double? Ans. 5/18 Time: 60s

Three cards are drawn from a deck without
replacement. The prob. of getting 3 aces is:
Ans. 1/56525 Time: 60s

In a family of 4 children the prob. of more than 2 boys
is: Ans. 5/16 Time: 60s

Editor’s Suggestion: Photocopy pages 19-21, cut out the individual rectangles and enlist some
volunteers to help you paste them on to forty-five cardboard squares.




Two dice are tossed, what is prob. of tossing a double
or a sum of seven? Ans. 1/3 Time: 60s

Mr. Smart, Mr. Wise, Mr. Brain work independently on a problem. if
the probabilities that they will solve it are 1/2, 1/3 and 3/5: What is the
prob. that the problem will be solved? Ans. 4/5 Time: 60s

What is the prob. of throwing two fives in a row with a
pair of dice Ans. 1/81 Time: 60s

If P(A) = 1/3, P(B) = 1/4 and P(C) = 4/5, then P(A and
not B and not C) is: Ans. 1/5 Time: 60s

Two dice are rolled. What is the prob. that the total is
greater than five? Ans. 13/18 Time: 60s

Three coins are tossed, what is the prob. of obtaining
at least two tails? Ans. 1/2 Time: 60s

One chip is drawn from a bag of 3 white, 4 red and 5
black. What is the prob. that it is not red? Ans. 2/3
Time: 60s

What is the prob. of tossing 4 coins and getting
exactly 3 heads? Ans. 1/4 Time: 60s

A bag contains 5 blue, 4 green, 6 red chips. What is
the prob. of not drawing a green chip? Ans. 11/15
Time: 60s

Two dice are rolled, one blue and one red. What is the
prob. that the number on the red die is less than the
number in the blue die? Ans. 15/36 Time: 60s

A die is rolled 3 times: what is the prob. of getting at
least two fours? Ans. 2/27 Time: 60s

Two dice are rolled and show a sum of ten. What is
the prob. that the second die shows a six? Ans. 3/6
Time: 60s

Two dice are rolled. What is the prob. that the
difference in the dice is two? Ans. 2/9 Time: 60s

The prob. that a student will pass history is 0.95. The prob.
that a student will not pass French is 0.40. What is the prob.
that a student will pass both courses? Ans. 0.57 Time: 60s

Two dice are rolled. What is the prob that at least one
4 or a total of 7 appears? Ans. 5/12 Time: 90s
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Three hockey players calculated their respective probs. of scoring a
goal in a game as 0.90, 0.72, 0.68. What is the prob. that at least one

of them will score? Ans. 0.99 Time: 60s




Person A tells the truth 3/4 of the time. Person B tells the truth 5/6 of
the time. if they are asked about the same fact, what is the prob. that

they contradict each other? Ans. 1/3 Time: 60s

From a pack of 52 cards, you draw a card. What is the
prob. of drawing a King, Queen, Jack or a Spade?
Ans. 11/26 Time 60s

If the probs. of a man and woman both 50 years old living till
age 51 are 0.80 and 0.85 respectively, what is the prob. that
neither will live until their 51st birthday? Ans. 0.03 Time: 60s

A sack contains 5 yellow, 2 blue, 3 green marbles; three
marbles are drawn without replacement. What is the prob. of

drawing 3 yellow marbles? Ans. 1/12 Time: 60s

From a pack of 52 cards, three cards are dealt. What
is the prob. that all cards are hearts? Ans. 11/850
Time: 60s

A three digit number is formed by randomly selecting 3 of the
digits from 1 to 9 without repetition. What is the prob. that
number is composed of odd digits. Ans. 5/42 Time: 60s

Three dice are thrown. What is the prob. of throwing a
sum of three? Ans. 1/216 Time: 60s

Two dice are thrown. The prob. of getting not a total of
five, nine or eleven is:Ans. 13/18 Time: 60s -

Four dice are rolled. What is prob. of throwing exactly
one four or a total of ten? Ans. 11/36 Time: 90s

Two dice are rolled. What is the prob. that the total is
greater than 87 ans. 5/18 Time: 60s

Two dice are rolled. What is the probability of getting a
sum less than 4? Ans. 1/12 Time: 60s

Reggie’s batting average is 0.4. What is the prob. of
Reggie getting at least one hit in two times at bat?
Ans. 0.64 Time: 60s

Three dice are thrown. What is the prob. of not
throwing a sum of 3? Ans. 215/216 Time: 60s

What is the prob. of correctly answering exactly two of
three true-false questions (assuming you are
guessing)? Ans. 3/8 Time: 60s

The prob. of winning against Vanier is 3/5 against
Jackson is 1/3 and against Westview is 1/10. What is
the prob. of losing all 3 games? Ans. 6/25 Time: 60s




& ASSESSMENT AND
EVALUATION OF
STUDENTS IN

MAT 1W1

DEAN A. MURRAY
MILTON DISTRICT HIGH SCHOOL
MILTON ONTARIO

Dean A. Murray has been
teaching for 19 years, 16 as head
of mathematics at Milton District
High School. He is programme
chair for GYMA and a member of
the Pascal, Cayley, and Fermat
Committees for the Canadian
Mathematics Competition. In this
article, Dean shares his department’s methods of
" assessing students in the destreamed grade 9
mathematics course.

As schools destream their grade 9 mathematics courses,
a different approach to assessment and evaluation is
required. Each department should attempt to include a
variety of assessment strategies to supplement the paper-
and-pencil testing. As suggested in the June 1993 OAME
Gazette, additional strategies may include performance
assessment, open-ended questions, investigations,
journals, observations, conferencing/interviewing, portfolios,
and student self-assessment.

At Milton District High School we decided our
Assessment and Evaluation methods needed to meet the
following criteria:

e satisfy the Ontario Provincial Standards of
Performance for mathematics

* meet administrative criteria

¢ be a reliable method to select students for general or
advanced level grade 10

e provide information that would make reports
meaningful and understandable by students and
parents

¢ be objective
* be efficient

What follows is our evaluation system for the new grade
9 courses and how we responded to the challenge. The
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report cards were designed to follow our assessment and
evaluation system. They have been printed in a format that
is easy to read, and which illustrates our measurements and
criteria to make sense to students, parents and
administrators.

Note that our grade 9 is non-semestered. The dates in
the four reports can be modified for a semestered grade 9.

All grade 9 courses at Milton D.H.S. are offered with one
level of difficulty. Mathematics courses in Grades 10, 11,
and 12 will be taught at two levels of instruction: General
and Advanced.

Mathematics teachers will make a preliminary
recommendation for each student at the end of the first
term. In April teachers will review their initial
recommendation. Parents will be notified regarding the level
of instruction that their child should consider taking next
year in mathematics. At the end of second term, a final
recommendation will be made and printed on the report
card.

Terms One and Two:

Marks will consist of two components: the Formal and
the Continuous.

THE FORMAL

The first component of evaluation is the traditional
paper-and-pencil testing and examinations. It will serve as
the most important criterion in determining whether a
student will be better suited for MAT2G1 or MAT2A1 in the
following year. At the end of either term a mark less than
sixty percent for tests and examinations would normally
indicate the student should take MAT2G1. A mark between
sixty and seventy percent would indicate the student may
proceed to MAT2A1 or may choose to take MAT2G1. A
student who earns a mark over seventy percent would be
recommended for MAT2A1.

Students and parents should refer to the school course
calendar for a description of all mathematics courses.
Advanced level courses in mathematics are designed to
provide fundamentals in mathematics for the student
considering university studies, and as such, are at a more
abstract level than general level courses. General level
courses provide a mathematics background stressing
practical applications taken from everyday experience.
General level courses meet requirements for admission to
Colleges of Applied Arts and Technology. However,
students are encouraged to take advanced level courses
where possible to provide more opportunities for post-
secondary learning.

The first component will be determined using the following:




- 35%
- 15%

Tests - 35%
Exam (June)- 15%

Tests

Exam (January)

THE CONTINUOUS

The second component of assessment is based more on
a broad range of assessment practices. The headings will
be student self-management, portfolios, and student self-
assessment.

1. Student Self-Management: a mark out of 30

A mark out of 10 for each of the sub-headings
(dependability, self discipline, and participation) will be
assigned by the teacher using the following:

5 e student always meets expectations
4 o student usually meets expectations
3 e student often meets expectations
2 o student needs improvement in this area
1 e student rarely meets expectations.
The Student self-management criteria to be observed are:
Dependability: a mark out of 10
e arrives on time
° maintains good attendance
e brings necessary equipment and supplies
e completes homework

e maintains an organized notebook, as described in
the mathematics policy and guidelines

Self Discipline: a mark out of 10

e works well without supervision and stays on task
e controls behaviour

e cooperates with classmates and teacher

e responds appropriately

e follows classroom routines

e is courteous and willingly helps teachers and
students

e follows directions and instructions

e seeks extra help for problems immediately upon
having the difficulty, either in the mathematics clinic or
from the teacher

Participation: a mark out of 10
o completes assignments
o takes an active role in the classroom

o assumes responsibility for own learning

° asks and answers relevant questions
o contributes to class lessons and decision making
2. Portfolios: a mark out of 10

Portfolios will be evaluated. A mark out of 5 will be given
by the teacher, based on completeness, organization,
neatness and the quality of the work. Throughout the year,
the teacher will look in 'students portfolios for signs of growth
in attitudes, mathematical understanding, and achievement.

Student self-assessment promotes ownership of
leamning, and independence of thought. It is an opportunity
for students to reflect upon their own work. Students will
assign a mark out of 5 for their personal portfolio. The mark
is determined by assessing their individual effort and
performance, using the portfolio guidelines.

3. Student self-assessment: a mark out of 10
The mark will be calculated as follows:
Step 1: ° Student self-assessment

The student will assign a mark out of 5 using the
criteria below:

5 marks e students who attempt to do their best. They
always attempt their homework and study for tests
and examinations. They attempt enrichment problems
regularly, and usually try work beyond what is
expected. They try to keep the learning environment
in the class productive and positive.

4 marks ° students who continue to work effectively
daily. They always attempt their homework and study
for tests and examinations. They try to keep the
learning environment in the class productive and
positive.

3 marks e students who try to be good mathematics
students. They attempt their homework and study for
tests most of the time. They attempt to keep the
learning environment in the class productive and
positive.

2 marks e students who put forth some effort but are
not attempting to be good mathematics students.
They frequently do not complete their homework and
often do not study for tests.

1 mark ¢ students who seldom attempt their
homework and are not trying to be good mathematics
students. They often do not study for tests. They
attempt to keep the learning environment in the class
unproductive.

0 marks ° students who are not trying to be good
mathematics students and do not attempt their
homework nor study for tests often. They regularly
attempt to keep the learning environment in the class
unproductive.




Step 2: e Peer assessment of the student

The student will receive a mark equal to the average
mark rounded to the next highest number of the
marks given by their three peers. Two of the student's
peers will be selected by the student and one by the
teacher. Each peer will assign a mark to the student
with reasons using the same criteria as outlined in
step one.

Step 3: ¢ Grade out of 10 calculated by simply adding the
results of Step 1 and Step 2: that is,

the sum of Student self-assessment + Peer

assessment of the student.

School Reports-for grade 9

Milton District High School issues four reports during the
school year for grade 9 students. In November, and again in
April, an anecdotal progress report is issued. At the
beginning of February, and again in June, a report card is
issued with marks given for each course.

Editor’s note: the November and January reporis are
included with this article.

et
ELe AL TR

Deidre McConnell, a concurrent
Education and Physics student
at Queen’s University, supplied
teachers and students at a
school in Bartica, Guyana with
some suitable reading material.
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Calculation of report card
marks for MATIW1

Final Report Card Mark for Semester One: The sum of the
Formal and Continuous evaluations.

Final Report Card Mark for Semester Two: The sum of the
Formal and Continuous evaluations.

Final Report Card Mark in June: [Final Mark for Term One
plus Final Mark for Term Two] divided by 2.

Copyright © 1993 Dean A. Murray, Milton District High
School.




MILTON DISTRI

GRADE 9 REPORT CARD

CT HIGH SCHOOL

NOVEMBER, 1993

MATHEMATICS
STUDENT: HOMEFORM: ___ SUBJECT TEACHER:
SELF MANAGEMENT
DEPENDABILITY SELF- PARTICIPATION PORTFOLIO | SELF- TEST RESULTS
DISCIPLINE ASSESSMENT
E s N|E s N|J]E s N |E s NJ|JE 8 N J|E S N

E: EXCELLENT S: SATISFACTORY

Dependability:

- arrives on time

- ‘maintains good attendance

- brings necessary equipment and supplies

- completes homework

- maintains an organized notebook, as described
in the mathematics policy and guidelines

Self Discipline:

- works well without supervision

- stays on task

controls behaviour

cooperates with classmates and teacher

responds appropriately

- follows classroom routines

- is courteous and willingly helps others

- follows directions and instructions

- will seek extra help for problems immediately
upon having the difficulty, either in the
mathematics clinic or from the teacher

COMMENTS:

N: NEEDS IMPROVEMENT

Participation:

- completes assignments

- takes an active role in the classroom

- assumes responsibility for own learning

- asks and answers relevant questions

- contributes to class lessons and decision making

Portfolio:

- shows signs of growth in attitudes, mathematlcal
understanding, and achievement

- is complete

- is organized and neat

Self-Assessment:

- completes homework

- studies for tests

- works with others productively
- attempts enrichment problems

Your assistance in monitoring your son’s/daughter’s progress is very helpful. Should you wish to discuss this
report, please telephone 878-2830 to make an appointment for Parents’ Night . Parents’ Night is Wednesday,

November 17.

Teacher’s signature:

Copyright © 1993 Dean A. Murray, Milton District High School.
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MILTON DISTRICT H

GRADE 9 REP ORT CARD

IGH SCHOOL

JANUARY, 1994

MATHEMATICS

SELF MANAGEMENT
DEPENDABILITY SELF- PARTICIPATION |PORTFOLIO |SELF- TESTS AND FINAL MARK
DISCIPLINE ASSESSMENT |EXAMINATION | SEMESTER ONE
OUTOF 10 | OUT OF 10 OUT OF 10 OUT OF 10 OUTOF 10 OUT OF 50
OUT OF 100

The first component of evaluation is the traditional paper-and-pencil testing and examinations. it
will serve as the most important criterion in determining whether a student will be better suited for
MAT2G1 or MAT2A1 in the following year. At the end of either term a mark less than sixty percent for
tests and examinations would normally indicate the student should take MAT2G1. A mark between sixty and
seventy percent would indicate the student may proceed to MAT2A1 or may choose to take MAT2G1. A
student who earns a mark over seventy percent would be recommended for MAT2A1.

Students and parents should refer to the school course calendar for a description of all mathematics
courses. Advanced level courses in mathematics are designed to provide fundamentals in mathematics for
the student considering university studies, and as such, are at a more abstract level than general level
courses. General level courses provide a mathematics background stressing practical applications taken
from everyday experience. General level courses meet requirements for admission to Colleges of Applied
Arts and Technology. However, students are ehcouraged to take advanced level courses where possible to
provide more opportunities for post-secondary learning.

The student named above is being recommended for ______ for September.
The recommendation will be reviewed following the Progress Report in April.

COMMENTS:

Teacher’s signature:

Copyright © 1993 Dean A. Murray, Milton District High School.
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RON LANCASTER, ST. MILDRED’S~-LIGHTBOURN
SCHOOL, OAKVILLE, ONTARIO

Readers are invited to submit
items from newspapers,
magazines, books or other
sources that contain information
that can be related to any area of
mathematics. Sufficient
information about the source of
the item should be given so that
other readers can obtain additional details. Teachers
are encouraged to use the contents of this regular
feature of the Gazette as an aid to helping their
students see the connection between mathematics
and the world around us. The content may not fit in
with what you are currently teaching to your students,
but many of the items can be used to begin your
classes in an interesting and engaging manner.

Last year Shelly and | celebrated our second New Year's
Eve together on the roof of 1 Times Square in Manhattan
and the questions that follow are all related to the lowering
of the ball in Times Square. With the new year just around
the comer, | thought that it might be interesting to create an
entire column related to the celebration of New Year's Eve
and | hope that you are able to use some or all of these
questians with your students.

Perhaps | should first explain how we ended up on the
roof. Shelly grew up on the Upper West Side in Manhattan
and her best friend through high school was Tama Starr.
Tama and her brother own Artkraft Strauss, a company that
was started by their grandfather. Artkraft Strauss makes all
of the huge electronic signs in Times Square and this
company has been in charge of lowering the ball in Times
Square ever since 1907. Each year Tama invites a small
group of people to watch the ball come down and needless
to say | was ecstatic when she asked us if we wanted to be
included in the group. It was an incredible experience to
look down upon a crowd of hundreds of thousands of
people and then to stand right beside the ball as it was
dropped.

| was expecting to see a rather sophisticated system for

lowering the ball and | was surprised to find that it was
attached to a rope and lowered by a group of people who
held one end of the rope. The release is done so smoothly
that there is no need for any specialized equipment. The
ball is lowered at one minute before midnight and millions of
people all over the world watch the descent on television. If
you watch the lowering of the ball this year, you will see that
the ball continues to drop until it appears to be just above a
big 1994 sign. At that point the ball is tured off and the
1994 sign is turned on. If all goes well this should happen at
exactly midnight. If you look closely at the ball you will see
that it is actually a spherical shell with 180 30-watt light
bulbs attached to it.

The diagram and the photographs given below should
help you to understand the geometry of the set-up.

o This is where
the ball starts

& This is where
the ballends

S,

»
o
o

1994 sign ¢’
i
Is T
Thegroupof ; ARulid 10 A
people who — 7" [&10=
lower the ball ~
stand here 60'p
285"
1
Times
Square
d” A

’((——— 600'——3
Dick Clark and the ABC Network Camera Crew

The crew that drops the ball needs to know in advance how
far the ball should be lowered. There is not much of an
opportunity to rehearse the lowering of the ball with the ABC
Network and they have found it essential to know this
information beforehand.
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Photo ® 1993 by Scott Humbert (212) 673-4795

Questions

1

a) How far should the ball be dropped?

b) If the ball is dropped at a constant rate over the one
minute interval, find the rate at which the ball should be
lowered.

c) The ball is 6 feet in diameter. What is the volume of
the ball?

d) Look closely at the photograph of the ball given
below and try to figure out how the 180 light bulbs are
arranged around the ball. You might find it helpful to
make a scale model.

e) How much does it cost to light up the 180 bulbs for
the one minute descent? What information do you need
to know to do this question?

2. January 1,-1993 was on a Friday. Find the day of the
week on which January 1 lands for the next 100 years.
Is there a pattern? Will there be any change in this
pattern after the year 21007 Is there any day of the
week on which January 1 does not fall?

3. Have you ever wondered how people estimate the size
of a crowd like the one in Times Square? There have
been a number of reported cases where officials have
simply made up the number without giving the matter
any thought, but as noted in the excerpt from the article
given below, (“Crowd counts a duel of truth and
propaganda”, Kitchener-Waterloo Record, Saturday,
October 16, 1991) there is a formula that is often used
to estimate the size of a crowd.

“Probably the most accurate formula for crowd counting
- and the one used by the Park Service in Washington -
is to measure the boundaries of the gathering, then
divide by the number of square feet occupied by a
standing adult.”

The figure that is generally used for the space occupied by
an adult in standing-room conditions is 2 square feet. The
rule is not very well explained in the above excerpt and it
might have been better had they just said “calculate the
surface area and divide by 2.” The article appeared on two
pages and that was in fact the title that they used for the
continuation of the article on the second page.

a) Many of the hundreds of thousands of people who
watched the ball drop were standing along 7th Avenue.
They stood in partitions on opposite sides of 7th Avenue
and enough space was left in part of the street for
emergency vehicles to get through. When Shelly and |
looked down we were amazed to see that the crowd
extended all of the way up 7th Avenue from 42nd Street
to Central Park at 59th Street. In Manhattan there are
20 blocks in one mile. Use the rule given in the above
article to estimate the number of people who watched
the lowering of the ball on 7th Avenue.

b) Carry out an investigation to verify the accuracy of
the claim made in the above newspaper article that the
space occupied by an adult in standing-room conditions
is 2 square feet.

Comments and Answers

There may be some teachers who are concerned about
the use of non-metric units in the above information. As a
general rule | do not use non-metric units, but | feel justified
in using them in this setting. This is the exact information
given to me by Mama Starr and it is not unusual for
measurements from the United States to be in non-metric




units. The United States has not yet adopted the metric
system and until it does it seems reasonable that we should
be able to do some basic work with its units. The problems
are too good to be thrown away because of the non-metric
units, so if you are really concemed about this issue then
you can easily convert all of the measurements to metric
units.

1. a) There are a variety of ways that this question can be
answered. For students in Grades 7 to 10 you might
have them make a scale diagram and then have them
measure the desired distance with a ruler. The actual
distance can then be found by using the scale of their
diagram.

Students in other Grade levels (and perhaps even some
from Grades 7 to 10) can solve this problem by using
similar triangles. One way of starting this is to let x
represent the distance from the point where the ball
started to the point where the ball ended.

Using similar triangles it can be shown that

77-x-10-6 _ 285+77-x
10 ~ 600+60+10

By solving this equation you will find that x = 56.4.
Therefore the ball ended up about 20.6 feet above
where the crew was standing. We were standing on top
of some equipment above and off to the side of the crew
and this answer seems pretty reasonable to me. | recall
that when the ball stopped moving it was about 12 feet
above us.

b) In one minute the ball travelled 56.4 feet. Therefore
the ball was dropped at the rate of about 56.4 feet per
minute. You might want to ask your students if this is
more or less than 1 mile per hour.

c) Students will need to use the following formula for the
volume V of a sphere whose radius is r.

V=g-1cr3

Since r= 3 it follows that V= 113 cubic feet.

d) Students will be able to come up with a variety of
possible arrangements for the 180 light bulbs. To be
honest, | am not sure what arrangement is used. We will
be in New York City in the near future and | will see if |
can find out how the light bulbs are arranged.

e) The students will need to know the cost of electricity
in Manhattan. You could ask your students to try to find
out what this cost is or you could just have them use the
rate for Ontario. They will find that the rate is given as a
price per kilowatt hour. In one minute the 180 30-watt
light bulbs used up 5 400 watts of electricity. This is
equivalent to using 0.09 kilowatts in an hour. This

number should be multiplied by the rate in order to find
the cost of lighting the bulbs for the one minute time
interval. The total cost was probably somewhere in the
area of 1 cent.

. This is a wonderful way to introduce your students to the

concept of something that is periodic. For the time being
I will leave it to you and your students to see if you can
find the pattern. The pattern does change after the year
2100 because that year is not a leap year. A century
year is a leap year only if it is divisible by 400.

. a) In order to do this problem your students will need to

know the width of 7th Avenue. 1 do not have this
information at this point in time, but | recall that 7th
Avenue is a one-way street with 5 lanes and wide
sidewalks on both sides. Have your students find the
width of a typical street in their area either by calling city
hall or by actually measuring the width. They will then
be able to estimate the width of 7th Avenue from this
result. Remind them to include the sidewalks in the
calculations. | will obtain the actual measurements and
report on what | find in the next column. You can then
see how well your students were able to estimate the
width of 7th Avenue.

b) Your students might want to carry out this
investigation at a pep rally or you might bring them
outside one day and have them form a crowd. | have
found in the past that the figure of 2 square feet is pretty
accurate.




A ABOUT PROBLEM
SOLVING

JOHN GRANT MCLOUGHLIN, DEPARTMENT OF
MATHEMATICS, MEMORIAL UNIVERSITY
CORNERBROOK, NEWFOUNDLAND

Welcome to the problem-solving column. | am pleased to
have been invited by Jack Weiner to reintroduce the column
following its brief absence. Many of you will recall that Ron
Lancaster wrote this column for several years prior to
shifting his attention to “Mathematics and the World Around
Us”. You may have attempted to verify the solution to a
pyramid problem that was included in the April 1993
Gazette. Ron wishes to acknowledge the verifications
submitted by Terri Laliberte, a teacher at Saugeen District
S.S. in Port Elgin, and Ranijit Zachariah, an OAC student (at
the time) at University of Toronto Schools.

This regular feature is intended to serve as a medium for
the exchange of interesting problems and solutions. Also, it
is hoped that readers will take an active role in shaping what
is written. You are encouraged to share problem-solving
experiences from your own classrooms. Each issue of the
Gazette will include some problems that you may wish to
play with. An effort will be made to include problems of
interest to students and teachers at all levels. Written
responses from the readers will influence future directions
that the column may take. Please take time to actively
participate as problem solvers and share your feedback.
Suggestions, solutions, proposals, and anecdotes are
welcomed.

The following problem appeared as Question 23 in the
Grade 8 Gauss contest written earlier this year.

Using the digits 1, 2, 3, 4 and rearranging them, it is
possible to form twenty-four different four-digit numbers,
including the number 1234. The sum of these twenty-four
numbers is

(A) 24000 (B) 5555
(D) 29616 (E) 66660

During a recent visit to University of Toronto Schools,
Jean Collins outlined to me some of the methods that
students had used to solve this problem. She mentioned
that one student wrote the digits in ascending order and
descending order, then averaged these numbers and
multiplied by 24. While appreciating the creative approach
taken by the student, it struck me that it would not
generalize to all sets of four digits. Consider the digits 1, 2,

(C) 24568

3, and 6, for example. You will find that the averaging
method employed by the creative student will not produce
the correct sum.

Our brief discussion had already modified my perception
of this problem. It no longer represented a mere question on
a contest paper. Instead it suggested directions for further
exploration. When | mentioned this problem to Peter Taylor
(a mathematics professor at Queen’s University) at a
mathematics education conference, he pointed out that the
averaging method would work for the digits in a number
such as 2956. That's neat, isn’t it! What mathematical
principles are at the crux of this problem?

Here is the challenge:

Examine why the averaging method works for some
sets of numbers but not others. Then write down a four
digit number and quickly determine (without averaging)
whether the averaging method would work. You may
wish to extend the exploration to five or six digit
numbers.

In conclusion, I'd like to share two intriguing problems
dealing with arithmetic sequences. The first problem was
introduced to me by Gerry Rising, a Professor of
Mathematics Education at SUNY at Buffalo. The second
problem was featured in the team questions’ section of
Hodie Dies Numerorum, an annual mathematics contest
hosted by University of Toronto Schools. Jean Collins
challenged me to attempt this problem. Apparently the
problem was not intended to be so difficult. The content
required is basic but the fact is that no definitive answer had
been confirmed. Give them a try.

'A. The entries in each row and column are in arithmetic
sequence, find the value of *.

74

186

103

0

B. Find the minimum number of elements that must be
removed from the set {1,2,3..., 100} such that no triple
of the remaining numbers form am arithmetic sequence.
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NOMINATIONS FOR OAME/ACEM COUNCIL 1994-95

Each year, elections are held for President-Elect, 3 Directors and 7-10 Councillors for the Council of OAME/AOEM. Nominations
for these positions are to be submitted by 4:00 p.m., January 31, 1994, to:

Jeri Lunney
Past-President, OAME

Include the nominee’s qualifications with the Nomination Form. The nominee must be a current member of OAME. Their names
and qualifications will be published in March, 1994. Voting will be by mail by members of the OAME/AOEM. The results of these
elections wnII be made known at the Annual Meeting of the OAME/AOEM in Kingston in May, 1994.

N@MHNA’EEON E@RM

I nominate:

Address:

For the position(s) of: President-Elect
Director
Councillor

Nominator

Address

From England . .. A Year of Mathematics for All .

Announcing the third edition of the FunMaths
Calendar and Puzzle-a-Day Yearbook from
QED Books of York, England.

For 1994, its monthly themes connect math
with topics such as art, science, nature,
quilting and public health.

This popular item will appeal to the general
audience, and particularly educators and
teachers at the lower and middle grades. Ideal
for classroom display and as a source of
problems and puzzles.

Copies may be ordered by certified cheque or
money order from:

MATHEMATICS INNOVATIONS
P.O. Box 21012, 151A, Second Avenue, Ottawa,
Ontario, Canada. K1S 5N1

A useful resource . ..

An excellent gift for children and friends --- ORDER NOW !  ysa - $10.00, plus $3.00 postage and handling

A 5% discount is offered for orders of 2-5 copies. CAN : $12.50, plus $3.00 postage and handling
Volume discount also available (taxes included)

Price per copy:




G\J“a‘“‘° NEW matn S€ries for grades 7-8-9'

MATHPOWER™ combines the tradition of our best selling Intermediate Mathematics
series with a vision of the future

*(\\‘\\\} \’\\‘u
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MATHPOWER™ INVITING, EXCI LEVA

Eﬁ%ﬁ McGraw-Hill Ryerson Ltd. + 300 Water St. % Whitby * ON % L1N 9B6 * (905) 430-5000

Toll Free Order Line: 1-800-565-5758 or Fax: 1-800-463-5885




ROSEANNE MEANDRO, TVONTARIO

Whom do you call if you've got a problem to solve? '

‘Mathica, problem solver extraordinaire! And starting this
fall, you'll be able to watch Mathica work her magic on
your students-in a new TVO primary math series called
Mathica’s Mathshop.

Mathica is a curious and eager elf who finds a job in
the Mathmagician’s mathshop in the Land of Tales.
Mathica’s task is to help solve all the problems of the local
residents: What shape is the witch’s hat? In how many
ways can 10 maidens share four umbrellas? How many
tickets must the king sell to his ball in order to pay his
rent?

Mathica’s Mathshop is a lively and charming series of
ten 15-minute programs geared to grades 1 and 2. Based
on a classic tale, each program relates mathematical
problems involving number, measurement, and geometry
to everyday situations.

“We wanted to create a series that helps children
recognize a problem, motivate them to think and reason on
their own, and explore different ways in which a problem
may be approached,” says producer Jennifer Harvey.
Teachers will find this video particularly useful in
developing analytical skills in young children and
encouraging them to apply these skills to other areas.

Another interesting feature that will appeal to teachers
is its use of the whole-language approach to math. Each
program is presented in the style of a fairy tale,
encouraging children to listen, read, and write. The series
also allows children to learn about values like friendship,
sharing, and cooperation as they follow Mathica’s problem-
solving adventures.

Mathica’s Mathshop is a must-have video for bringing
math to life in your classroom. Mathica’'s enthusiasm,
combined with live-action characters, humour, enchanting
stories, and colourful graphics, will help foster a confident
attitude to math in your students and make it an involving
and exciting experience.

A teacher's guide chock-full of ideas for pre- and post-
viewing activities for students and utilization tips for
teachers complements this new series.

Watch for Mathica’s Mathshop on TVO Mondays at

9:45 a.m., starting 27 September. It's copyright-cleared, so
you can tape it for later use in the classroom.

If you miss the series, video copies and teacher’s
guides are available through TVOntario. For ordering
information, call TVQO'’s Client Services at (416) 484-2600,
ext. 2665, toll-free

(800) 668-9974, or fax (416) 484-4425.




COMMENTS

BOB ROBINSON
GOLDEN SECTION CHAPTER REPRESENTATIVE

These notes and comments are
a result of the OAME Council
Meeting on October 2, 1993 at
the Ramada Inn, Airport West in
Mississauga. Any
correspondence should be sent
directly to the editor.

INTRODUCTION

The President, Ron Lancaster welcomed the new
members to council. Mention was made of Jack Weiner's
article in the current issue of the Mathematics Teacher.
Gary Flewelling was also commended for his contribution to
the excellent Transition Years focus issue of the Gazette. A
search committee has been established to seek sites for the
1997 and 1998 annual meetings with discussion of whether
we should offer to host a regional meeting of the NCTM in
either of those two years.

AWARDS

The awards committee is seeking nominations for the
following: Life Membership Award, Morley MacGregor
Award, Mona MacGregor Award, and the Kenneth D. Fryer
Award. Qualifications for these awards are found in the
September issue and on page 8 in this issue.

NOMINATIONS

Nominations are being accepted for positions of
President-elect, Director, and Councillor. See the
nomination form on page 30in this issue.

PUBLICATIONS

The publications committee is most pleased with the
high professional quality of the Gazette. Jack, Amy, and the
crew at the University of Guelph were highly commended.
Council is also pleased with the professional quality of the
ads, coordinated by Bob Robinson.

EQUITY

Once again, a breakfast is being planned for the Annual
Meeting in Kingston. The guest speaker will be Ann Jones,
a former President of the OAME. A folder for equity related
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materials is being assembled. Discussions pertaining to
equity issues have taken place with persons involved with
mathematics contests. A Gender and Science and
Technology Conference was held recently in Waterloo. A 2-
volume resource entitled Gender in Science and
Technology for Sustainable and Equitable Development is
available, free of charge, from the International
Development Center, 250 Albert St., Box 8500, Ottawa, ON
K1G 3H9.

PUBLICITY/MEMBERSHIP

The committee is proceeding with a joint OAME/NCTM
membership drive initiative. They are also planning to send
out welcoming letters to new members on council. Ways
that the committee can assist chapters with membership
and publicity services at their mini-conferences are also
being investigated.

EARLY YEARS/FORMATIVE
YEARS

A submission to the April Abacus is being prepared. It
will deal with the Data Management and Probability strand
using the theme “What's Fair at the Fair?”. Activities,
assessment suggestions and an annotated resource list will
be included.

TRANSITION YEARS

A parent pamphlet is being planned which will follow a
question and answer format. An integrated lesson resource
document for Patterning and Algebra is in its early
discussion phase.

SPECIALIZATION YEARS

The committee will be submitting reviews of appropriate
software for upcoming issues of the Gazette. A workshop to
assist Grade 10 teachers is being planned for Kingston. It
will address how the Specialization Years section of the
Focus on Renewal Document can be completed. OMCA
will be contacted regarding this endeavour.

NCTM

A new catalogue of materials is available from Barry or
Jan Scully. Members of NCTM can also receive a 20%
discount on special products such as mugs, stickers,
pencils, etc. Ralph Connelly (council member) and Lorna
Wiggan (former council member) are running for NCTM
Director. The annual meeting of the NCTM will be in
Indianapolis this spring.

OTF

The last meeting of the Ontario Teachers’ Forum
centered around issues pertaining to the common



curriculum. For financial reasons, the OTF has suspended
its activities including the Ontario Teachers’ Forum.

MATHEMATICS EDUCATION
FORURM

Members of the forum are from eight constituent groups.
There is also a steering committee consisting of one
member from each of these groups. Marg Warren, Arnie
Carefoote, and Radford de Peiza (official OMCA
representative) are councillors who are members of the
forum. The forum is setting up three working groups to deal
with 1. OAC Calculus 2. Statistics, Data Management, and
Probability 3. Geometry issues (K-OAC). All groups will be
addressing the issue of technology.

OAME’ D4

Exciting plans are underway for our 21st Annual Meeting
in Kingston. Registration forms and other information will be
available in the new year. We are told that the prices will be
“moderate” with accommodation packages available
including breakfast and lunch for as little as $55. A gala
reception is being organized for Friday evening and an
outstanding program is being assembled. Promotional
material is available from David Handley

OAME D5

Planning has already started for our “annual” in
Brantford.

CHARMP

They completed the writing of their CHAMP Mathematics
Contests in November. The contests are designed for
students in grades 1-8 and provide excellent preparation for
those students who will participate in the Canadian
Mathematics Competition in February. Since the contests
are marked by the “home” school, the students benefit from
receiving almost immediate feedback.

COMA

A January mini-conference is being planned for January
14, 1994 at Sir Guy Carleton from 4:00 to 6:00 p.m.

GOLDEN SECTION

Eric Muller, Brock University has produced a wonderful
resource for elementary school entitled Niagara Falls Math
Trail. Copies can be obtained from the Niagara Parks
Commission or the office of conference services, Brock
University

GRAND VALLEY

GVMA expects to have a new set of OAC Algebra and
Geometry exams available for the May Annual in Kingston.
They also hope to have a collection of Grade 9 destreamed
exams in publication at that time.

ISORM A

Contest preparation sessions are being held at the
following locations:

= Hillfield-Strathallan College (Hamilton) Dec. 3, 1993
» Branksome Hall (Toronto) Feb. 10, 1994

o Country Day School (King) Feb. 17, 1994

o Upper Canada College (Toronto) March 3, 1994

NWOARME

The Lakehead University/ NWOAME Math Awards Day is
going to be held in the spring. The afternoon, including a
luncheon preceded by some “Table Top Math”, awards
presentations and math workshops, recognizes
student/school success within the region in various math
contests.

PINE RIDGE

A team of Grade 7, 8 and 9 teachers has written a
curriculum document which reorganizes the mathematics
program to reflect the common curriculum and benchmark
strands. This guideline will also contain sample lesson
plans, activities, and other resources to help teachers
provide a cohesive approach to the mathematics program
for the transition years. A mini-conference is planned for
April 7, 1994. The theme will be Real World Mathematics.

SARME

At the spring SAME meeting Richard Kinney was given
an award for his lifetime contribution to SAME and
mathematics education in Scarborough. At the Scarborough
Math Awards night, several teachers were honored for their
commitment to mathematics education. Among those
recognized was Arnie Carefoote a longtime OAME
councillor, and Roy Wood, a Scarborough teacher has
developed a software package called SoundMan which
integrates math and physics. Roy can be contacted on
ScriBE, the Scarborough Board of Education bulletin board
396-6761.

SWOAME

The chapter is beginning to work on materials for the
specialization years. They will also be supporting a math
awareness week in February.




A AIRLINE
RESERVATIONS AND
THE BINOMIAL
DISTRIBUTION

L. KEITH ROY
DEPARTMENT OF MATHEMATICAL SCIENCES
LAKEHEAD UNIVERSITY, THUNDER BAY, ONTARIO

Educated at Queen'’s, Keith
teaches Slatistics at Lakehead
University. A frequent contributor
to the Gazette, he has given
many invited talks and

workshops for groups of students
and teachers. ‘

A small regional airline uses a fifteen-passenger aircraft
for short flights. Knowing that a number of reservations for
a given flight will end up being cancelled at the last minute,
the airline purposely allows as many as twenty reservations
to be made for the fifteen seats available. The airline bases
this strategy on an analysis of past experience which
resulted in the following information:

(a) On the order of twenty percent of persons with
reservations either cancel their reservations at the last
minute or simply do not show up for their flight. Further,
these late cancellations or “no-shows” occur
independently of each other.

(b) The events that 16, 17, 18, 19 or 20 reservations will be
made for a particular flight have probabilities 0.06, 0.03,
0.03, 0.02, and 0.01 respectively, while the probability of
at most 15 reservations is 0.85.

Using the above information, the probability that too
many persons with reservations will show up for any
particular flight can be calculated with the aid of techniques
from the OAC course in Finite Mathematics.

The information (a) indicates a binomial situation and, if
“success” is defined to be the event of a person with a
reservation actually showing up for her/his flight, the
probability of x individuals with reservations actually
showing up is

f(x) = (Q ) (0.8)% (0.2)™*
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for x= 0,1,2,...,n where n is the total number of persons who
have made reservations. Then, for instance, the probability
of seventeen persons with reservations showing up for a
flight where a total of nineteen reservations had been made
would be f(17) with n = 19. Using either the above formula
or tables of the Binomial Distribution results in a probability
of 0.154. Furthermore, the probability that more than fifteen
persons with reservations will show up for a flight where a
total of nineteen reservations has been made is

P(16<x<19) = f(16)+f(17)+f(18)+f(19)
=0.218+0.154+0.068+0.014 = 0.454

The conditional probabilities that too many persons with
reservations will show up for a particular flight are tabulated
below for the various given values of n.

n=16 P(x=16)=0.028

n=17 P(16£x<17) = 0.096+0.023 = 0.119

n=18 P(16<x<18) = 0.172+0.081+0.018 = 0.271
(
(

usingn =19

)
n=19 P(16<x<19) = 0.218+0.154+0.068+0.014 = 0.454

n=20 P(16<x<20) = 0.218+0.205+0.137+0.058+0.012 =
0.630

Consequently, the probability of occurrence of both the
event “nineteen reservations are made for a particular flight”
and the event “too many persons with reservations show up
for that particular flight” would be (0.02)(0.454) = 0.009.

The probability that too many persons with reservations

will show up for a particular flight is the sum of such
calculations for the various values of n, that is

(0.06)(0.028)+(0.03)(0.119)+(0.03)(0.271)+(0.02)(0.454)+(0.
01)(0.630) = 0.029

So only about three percent of the airline’s flights will be
overbooked!
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Introducing the TI-82 Graphics Calculator. Its so powerful and easy-to-use, it brings a whole new dimension

to teaching mathematics. With the TI-82, students can learn from seeing tables of values, as well as seeing functions

(

in algebraic and graphical form. They can model real-world problems with a rich set of representational tools.

Turn AClassroom FullOf
Parallel Lines Into Parabolas.

A link cable even allows students to share information with each other or with a desktop computer. In fact, of all

| graphics calculators, the TI-82 offers the most versatility for algebra through calculus courses. After all, it was developed
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©1993 Texas Instruments Incorporated IHOOO167A

The TI-82 Graphics Calculator

with leading mathematics

educators and teachers like you. And that’s something to keep in mind the next time you
look out on a classroom full of parallel lines. Because once the TI-82 helps them get
the mathematical expressions, we think you'll see the facial expressions follow

right along. To learn more, call 1-800-661-2007 or Fax to 416-884-28109.
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